
新版応用数学演習 解答

3章 ラプラス変換

1節 ラプラス変換
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(1)
1

𝑠− 1
(2)

1

𝑠− 5
(3)

1

𝑠+ 4
(4)

1

𝑠+ 3
121

(1)
3

𝑠2 + 9
(2)

𝑠

𝑠2 + 4
(3)

𝑠

𝑠2 + 3
(4)

√
2

𝑠2 + 2
122

(1)

𝐻(𝑡− 3)
1

3 𝑡

𝑥

O

(2)

𝐻(𝑡− 1)−𝐻(𝑡− 3)
1

1 3 𝑡

𝑥

O
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(1)
𝑒−4𝑠

𝑠
(2)

𝑒−𝜋𝑠

𝑠
(3)

𝑒−
1
2 𝑠

𝑠
124

(1) 𝑒−𝑠 (2)
1

2
(3)

1

3
125

(1)
3𝑠+ 2

𝑠3
(2) − 3

𝑠(𝑠− 3)
(3)

2

𝑠2 − 1
(4)

8

𝑠2(𝑠2 + 4)
(5)

𝑠+ 1

𝑠2 + 1
(6)

√
3 𝑠− 1

𝑠2 + 1
126

(1)
2

(𝑠+ 1)3
(2)

1

(𝑠− 1)2
(3)

1

𝑠2 + 4𝑠+ 5
(4)

𝑠+ 1

𝑠2 + 2𝑠+ 2
(5)

3

𝑠2 − 2𝑠+ 10

(6)
𝑠− 1

𝑠2 − 2𝑠+ 5
127

(1)
2𝑒−2𝑠

𝑠3
(2)

𝑒−𝑠

𝑠− 1
128

(1) 𝑠𝐹 (𝑠)− 1 (2) 𝑠2𝐹 (𝑠)− 𝑠+ 1

129

(1)
1

𝑠(𝑠− 3)
(2)

1

𝑠2(𝑠− 1)
(3)

2𝑠+ 1

𝑠3
(4)

𝑠2 + 2

𝑠4
(5)

2

𝑠(𝑠2 + 4)
(6)

1

𝑠2 + 9
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(1)
1

(𝑠+ 1)2
(2)

4𝑠

(𝑠+ 4)2
(3)

𝑠2 − 4

(𝑠2 + 4)2

131

(1)
2

(𝑠+ 1)3
(2)

6

(𝑠+ 1)4
(3)

2𝑠(𝑠2 − 3)

(𝑠2 + 1)3
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(1) (𝑓 ∗ 𝑔)(𝑡) =
∫ 𝑡

0

sin 𝜏 sin(𝑡− 𝜏) 𝑑𝜏 = − 1

2

∫ 𝑡

0

{
cos 𝑡− cos(2𝜏 − 𝑡)

}
𝑑𝜏 = − 1

2

[
𝜏 cos 𝑡− 1

2
sin(2𝜏 − 𝑡)

]𝑡
0

= − 1

2

{
𝑡 cos 𝑡− 1

2
sin 𝑡− 0 +

1

2
sin(−𝑡)

}
= − 1

2

{
𝑡 cos 𝑡− sin 𝑡

}
(2) (𝑓∗𝑔)(𝑡) =

∫ 𝑡

0

𝑒−𝜏 (𝑡−𝜏) 𝑑𝜏 =
[
−𝑒−𝜏 (𝑡−𝜏)

]𝑡
0
−
∫ 𝑡

0

𝑒−𝜏 𝑑𝜏 = 0+𝑒0𝑡+
[
𝑒−𝜏

]𝑡
0
= 𝑡+𝑒−𝑡−𝑒0 = 𝑒−𝑡 + 𝑡− 1

1
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(1) 𝑒𝑡 ∗ sin 𝑡 =
∫ 𝑡

0

𝑒𝜏 sin(𝑡− 𝜏) 𝑑𝜏 =
[
𝑒𝜏 cos(𝑡− 𝜏)

]𝑡
0
−
∫ 𝑡

0

𝑒𝜏 cos(𝑡− 𝜏) 𝑑𝜏

= 𝑒𝑡 cos 0− 𝑒0 cos 𝑡−
{[

−𝑒𝜏 sin(𝑡− 𝜏)
]𝑡
0
+

∫ 𝑡

0

𝑒𝜏 sin(𝑡− 𝜏) 𝑑𝜏

}
= 𝑒𝑡 − cos 𝑡+ 0− 𝑒0 sin 𝑡− 𝑒𝑡 ∗ sin 𝑡

∴ 𝑒𝑡 ∗ sin 𝑡 = 1

2

(
𝑒𝑡 − cos 𝑡− sin 𝑡

)
(2) L

[
1

2

(
𝑒𝑡 − cos 𝑡− sin 𝑡

)]
= L

[
𝑒𝑡 ∗ sin 𝑡] = L

[
𝑒𝑡
]
L

[
sin 𝑡

]
=

1

(𝑠− 1)(𝑠2 + 1)
134

(1) 2 (2) 𝑡3 (3) 𝑒3𝑡 (4) 𝑒−4𝑡 (5) sin 2𝑡 (6) cos 3𝑡
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(1)
4

𝑠2 − 4
=

1

𝑠− 2
− 1

𝑠+ 2
より，L −1

[
4

𝑠2 − 4

]
(𝑡) = 𝑒2𝑡 − 𝑒−2𝑡

(2)
1

𝑠2 − 𝑠
=

1

𝑠− 1
− 1

𝑠
より，L −1

[
1

𝑠2 − 𝑠

]
(𝑡) = 𝑒𝑡 − 1

(3)
4

𝑠2 + 2𝑠− 3
=

4

(𝑠− 1)(𝑠+ 3)
=

1

𝑠− 1
− 1

𝑠+ 3
より，L −1

[
4

𝑠2 + 2𝑠− 3

]
(𝑡) = 𝑒𝑡 − 𝑒−3𝑡

136

(1)
𝑠+ 1

(𝑠+ 2)2
=

𝑠+ 2− 1

(𝑠+ 2)2
=

1

𝑠+ 2
− 1

(𝑠+ 2)2
より，L −1

[
𝑠+ 1

(𝑠+ 2)2

]
(𝑡) = 𝑒−2𝑡 − 𝑡𝑒−2𝑡 = (1− 𝑡)𝑒−2𝑡

(2)
𝑠2 + 𝑠− 2

(𝑠− 2)𝑠2
=

1

𝑠− 2
+

1

𝑠2
より，L −1

[
𝑠2 + 𝑠− 2

(𝑠− 2)𝑠2

]
(𝑡) = 𝑒2𝑡 + 𝑡

(3)
3

(𝑠2 + 1)(𝑠2 + 4)
=

1

𝑠2 + 1
− 1

𝑠2 + 4
=

1

𝑠2 + 1
− 1

2
⋅ 2

𝑠2 + 4
より，

L −1

[
3

(𝑠2 + 1)(𝑠2 + 4)

]
(𝑡) = sin 𝑡− 1

2
sin 2𝑡
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(1)
1

𝑠2 + 2𝑠+ 2
=

1

(𝑠+ 1)2 + 1
より，L −1

[
1

𝑠2 + 2𝑠+ 2

]
(𝑡) = 𝑒−𝑡 sin 𝑡

(2)
𝑠− 2

𝑠2 − 4𝑠+ 5
=

𝑠− 2

(𝑠− 2)2 + 1
より，L −1

[
𝑠− 2

𝑠2 − 4𝑠+ 5

]
(𝑡) = 𝑒2𝑡 cos 𝑡

(3)
𝑠+ 3

𝑠2 + 2𝑠+ 5
=

𝑠+ 1 + 2

(𝑠+ 1)2 + 4
=

𝑠+ 1

(𝑠+ 1)2 + 4
+

2

(𝑠+ 1)2 + 4
より，

L −1

[
𝑠+ 3

𝑠2 + 2𝑠+ 5

]
(𝑡) = 𝑒−𝑡 cos 2𝑡+ 𝑒−𝑡 sin 2𝑡 = 𝑒−𝑡(cos 2𝑡+ sin 2𝑡)

(4)
𝑠− 4

𝑠2 − 2𝑠+ 10
=

𝑠− 1− 3

(𝑠− 1)2 + 9
=

𝑠− 1

(𝑠− 1)2 + 9
− 3

(𝑠− 1)2 + 9
より，

L −1

[
𝑠− 4

𝑠2 − 2𝑠+ 10

]
(𝑡) = 𝑒𝑡 cos 3𝑡− 𝑒𝑡 sin 3𝑡 = 𝑒𝑡(cos 3𝑡− sin 3𝑡)
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(1)
6𝑠

(𝑠2 + 9)2
= − 𝑑

𝑑𝑠

(
3

𝑠2 + 9

)
より，L −1

[
6𝑠

(𝑠2 + 9)2

]
(𝑡) = 𝑡 sin 3𝑡

(2)
𝑠2 − 9

(𝑠2 + 9)2
= − 𝑠2 + 9− 2𝑠2

(𝑠2 + 9)2
= − 𝑑

𝑑𝑠

(
𝑠

𝑠2 + 9

)
より，L −1

[
𝑠2 − 9

(𝑠2 + 9)2

]
(𝑡) = 𝑡 cos 3𝑡

(3)
𝑠2 − 2

(𝑠2 + 2)2
= − 𝑠2 + 2− 2𝑠2

(𝑠2 + 2)2
= − 𝑑

𝑑𝑠

(
𝑠

𝑠2 + 2

)
より，L −1

[
𝑠2 − 2

(𝑠2 + 2)2

]
(𝑡) = 𝑡 cos

√
2 𝑡
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(1)
1

𝑒2𝑡
= 𝑒−2𝑡 より，L

[
1

𝑒2𝑡

]
(𝑠) =

1

𝑠+ 2
(2) L

[
𝑒

𝑡
3

]
(𝑠) =

1

𝑠− 1

3

=
3

3𝑠− 1

2



(3)
1√
𝑒𝑡

= 𝑒−
𝑡
2 より，L

[
1√
𝑒𝑡

]
(𝑠) =

1

𝑠+
1

2

=
2

2𝑠+ 1

(4) L

[
cos

𝑡

2

]
(𝑠) =

𝑠

𝑠2 +
1

4

=
4𝑠

4𝑠2 + 1
(5) L

[
sin

𝑡

3

]
(𝑠) =

1

3

𝑠2 +
1

9

=
3

9𝑠2 + 1

(6) L

[
sin

3𝑡

2

]
(𝑠) =

3

2

𝑠2 +
9

4

=
6

4𝑠2 + 9
(7) L

[
1− 2 sin2 𝑡

]
(𝑠) = L

[
cos 2𝑡

]
(𝑠) =

𝑠

𝑠2 + 4

(8) L
[
sin2 𝑡

]
(𝑠) = L

[
1− cos 2𝑡

2

]
(𝑠) =

1

2

(
1

𝑠
− 𝑠

𝑠2 + 4

)
=

2

𝑠(𝑠2 + 4)

(9) L

[
2 cos2

𝑡

3
− 1

]
(𝑠) = L

[
cos

2𝑡

3

]
(𝑠) =

𝑠

𝑠2 +
4

9

=
9𝑠

9𝑠2 + 4
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(1)
𝑒−4𝑠

𝑠
(2)

1

3
(3)

1

3
𝑒−2𝑠 (4) 2 (5) 2𝑒−𝑠 (6) 3𝑒−2𝑠
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(1) − (4𝑠+ 1)(𝑠− 1)

𝑠3
(2)

(𝑠− 3)(𝑠+ 2)

(𝑠+ 6)𝑠2

(3)
(
𝑒

𝑡
2 + 𝑒−

𝑡
2

)2

= 𝑒𝑡 + 𝑒−𝑡 + 2より

L

[(
𝑒

𝑡
2 + 𝑒−

𝑡
2

)2
]
(𝑠) =

1

𝑠− 1
+

1

𝑠+ 1
+

2

𝑠
=

𝑠2 + 𝑠+ 𝑠2 − 𝑠+ 2𝑠2 − 2

(𝑠− 1)(𝑠+ 1)𝑠
=

2(2𝑠2 − 1)

(𝑠− 1)(𝑠+ 1)𝑠

(4) 2 sin
(
2𝑡− 𝜋

3

)
= 2

{
sin 2𝑡 cos

(
− 𝜋

3

)
+ cos 2𝑡 sin

(
− 𝜋

3

)}
= sin 2𝑡−

√
3 cos 2𝑡より

L
[
2 sin

(
2𝑡− 𝜋

3

)]
(𝑠) =

2

𝑠2 + 4
−

√
3 𝑠

𝑠2 + 4
=

2−√
3 𝑠

𝑠2 + 4

(5)
2

(𝑠− 3)2 + 4

(6) L

[
𝑒−𝑡 cos

𝑡

2

]
(𝑠) =

𝑠+ 1

(𝑠+ 1)2 +

(
1

2

)2 =
𝑠+ 1

𝑠2 + 2𝑠+
5

4

=
4(𝑠+ 1)

4𝑠2 + 8𝑠+ 5

(7) L
[
𝐻(𝑡− 𝜋) sin 𝑡

]
(𝑠) = L

[−𝐻(𝑡− 𝜋) sin(𝑡− 𝜋)
]
(𝑠) = − 𝑒−𝜋𝑠

𝑠2 + 1

(8) L
[
𝐻

(
𝑡− 𝜋

2

)
cos 𝑡

]
(𝑠) = L

[
−𝐻

(
𝑡− 𝜋

2

)
sin

(
𝑡− 𝜋

2

)]
(𝑠) = − 𝑒−

𝜋
2 𝑠

𝑠2 + 1

(9) L
[
𝑒𝑡𝐻(𝑡− 1)

]
(𝑠) = L

[
𝑒𝑒𝑡−1𝐻(𝑡− 1)

]
(𝑠) =

𝑒1−𝑠

𝑠− 1
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(1) L

[∫ 𝑡

0

𝑡𝑒2𝑡 𝑑𝑡

]
(𝑠) =

1

𝑠
L

[
𝑡𝑒2𝑡

]
(𝑠) =

1

𝑠

{
− 𝑑

𝑑𝑠

(
L

[
𝑒2𝑡

]
(𝑠)

)}
=

1

𝑠

{
− 𝑑

𝑑𝑠

(
1

𝑠− 2

)}
=

1

𝑠(𝑠− 2)2

(2) L

[∫ 𝑡

0

𝑒𝑡 sin 2𝑡 𝑑𝑡

]
(𝑠) =

1

𝑠
L

[
𝑒𝑡 sin 2𝑡

]
(𝑠) =

1

𝑠
⋅ 2

(𝑠− 1)2 + 4
=

2

𝑠(𝑠2 − 2𝑠+ 5)

(3) L

[∫ 𝑡

0

𝑒𝑡 cos 𝑡 𝑑𝑡

]
(𝑠) =

1

𝑠
L

[
𝑒𝑡 cos 𝑡

]
(𝑠) =

1

𝑠
⋅ 𝑠− 1

(𝑠− 1)2 + 1
=

𝑠− 1

𝑠(𝑠2 − 2𝑠+ 2)

(4) L

[∫ 𝑡

0

(
𝑒𝑡 + 𝑒−𝑡

)
𝑑𝑡

]
(𝑠) =

1

𝑠
L

[
𝑒𝑡 + 𝑒−𝑡

]
(𝑠) =

1

𝑠

(
1

𝑠− 1
+

1

𝑠+ 1

)
=

1

𝑠
⋅ 𝑠+ 1 + 𝑠− 1

𝑠2 − 1

=
2

𝑠2 − 1

3



(5) L

[∫ 𝑡

0

𝑡 sin 𝑡 𝑑𝑡

]
(𝑠) =

1

𝑠
L

[
𝑡 sin 𝑡

]
(𝑠) =

1

𝑠

{
− 𝑑

𝑑𝑠

(
1

𝑠2 + 1

)}
=

1

𝑠
⋅ 2𝑠

(𝑠2 + 1)2
=

2

(𝑠2 + 1)2

(6) L
[
𝑡𝑒−𝑡 sin 𝑡

]
(𝑠) = − 𝑑

𝑑𝑠

{
L

[
𝑒−𝑡 sin 𝑡

]
(𝑠)

}
= − 𝑑

𝑑𝑠

{
1

(𝑠+ 1)2 + 1

}
=

2(𝑠+ 1)

(𝑠2 + 2𝑠+ 2)2

(7) L
[
𝑡𝑒𝑡 cos 𝑡

]
(𝑠) = − 𝑑

𝑑𝑠

{
L

[
𝑒𝑡 cos 𝑡

]
(𝑠)

}
= − 𝑑

𝑑𝑠

{
𝑠− 1

(𝑠− 1)2 + 1

}
= − 𝑠2 − 2𝑠+ 2− (𝑠− 1)(2𝑠− 2)

(𝑠2 − 2𝑠+ 2)2

= − 𝑠2 − 2𝑠+ 2− 2𝑠2 + 4𝑠− 2

(𝑠2 − 2𝑠+ 2)2
=

𝑠(𝑠− 2)

(𝑠2 − 2𝑠+ 2)2

(8) L
[
𝑡 cos2 𝑡

]
(𝑠) = − 𝑑

𝑑𝑠

{
L

[
cos2 𝑡

]
(𝑠)

}
= − 𝑑

𝑑𝑠

{
L

[
1 + cos 2𝑡

2

]
(𝑠)

}
= − 1

2

𝑑

𝑑𝑠

{
1

𝑠
+

𝑠

𝑠2 + 4

}
= − 1

2

{
− 1

𝑠2
+

𝑠2 + 4− 𝑠 ⋅ 2𝑠
(𝑠2 + 4)2

}
=

1

2
⋅ 𝑠4 + 8𝑠2 + 16 + 𝑠4 − 4𝑠2

𝑠2(𝑠2 + 4)2
=

𝑠4 + 2𝑠2 + 8

𝑠2(𝑠2 + 4)2

(9) L
[
𝑡
(
𝑒𝑡 ∗ 𝑡)](𝑠) = − 𝑑

𝑑𝑠

{
L

[
𝑒𝑡 ∗ 𝑡](𝑠)} = − 𝑑

𝑑𝑠

{
1

𝑠− 1
⋅ 1

𝑠2

}
=

3𝑠2 − 2𝑠

(𝑠− 1)2𝑠4
=

3𝑠− 2

(𝑠− 1)2𝑠3

143

(1) L
[
sinh𝜔𝑡

]
(𝑠) = L

[
𝑒𝜔𝑡 − 𝑒−𝜔𝑡

2

]
(𝑠) =

1

2

{
1

𝑠− 𝜔
− 1

𝑠+ 𝜔

}
=

1

2
⋅ 𝑠+ 𝜔 − 𝑠+ 𝜔

𝑠2 − 𝜔2
=

𝜔

𝑠2 − 𝜔2

(2) L
[
cosh𝜔𝑡

]
(𝑠) = L

[
𝑒𝜔𝑡 + 𝑒−𝜔𝑡

2

]
(𝑠) =

1

2

{
1

𝑠− 𝜔
+

1

𝑠+ 𝜔

}
=

1

2
⋅ 𝑠+ 𝜔 + 𝑠− 𝜔

𝑠2 − 𝜔2
=

𝑠

𝑠2 − 𝜔2

(3) L
[
𝑡 sinh𝜔𝑡

]
(𝑠) = − 𝑑

𝑑𝑠

{
L

[
sinh𝜔𝑡

]
(𝑠)

}
= − 𝑑

𝑑𝑠

{
𝜔

𝑠2 − 𝜔2

}
=

2𝜔𝑠

(𝑠2 − 𝜔2)2

(4) L
[
𝑡 cosh𝜔𝑡

]
(𝑠) = − 𝑑

𝑑𝑠

{
L

[
cosh𝜔𝑡

]
(𝑠)

}
= − 𝑑

𝑑𝑠

{
𝑠

𝑠2 − 𝜔2

}
= − 𝑠2 − 𝜔2 − 𝑠 ⋅ 2𝑠

(𝑠2 − 𝜔2)2
=

𝑠2 + 𝜔𝑠

(𝑠2 − 𝜔2)2
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(1) L

[∫ 𝑡

0

𝑓(𝜏) 𝑑𝜏

]
(𝑠) = L

[
𝑓(𝑡) ∗ 1](𝑠) = L

[
𝑓(𝑡)

]
(𝑠) ⋅ L [

1
]
(𝑠) =

1

𝑠
𝐹 (𝑠)

(2) (1)より，L

[∫ 𝑡

0

𝜏𝑓(𝜏) 𝑑𝜏

]
(𝑠) =

1

𝑠
L

[
𝑡𝑓(𝑡)

]
(𝑠) = − 𝐹 ′(𝑠)

𝑠
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(1) L −1

[
𝑠+ 3

𝑠2 + 9

]
(𝑡) = L −1

[
𝑠

𝑠2 + 9
+

3

𝑠2 + 9

]
(𝑡) = cos 3𝑡+ sin 3𝑡

(2) L −1

[
2𝑠+ 1

𝑠2 + 4

]
(𝑡) = L −1

[
2𝑠

𝑠2 + 4
+

1

2
⋅ 2

𝑠2 + 4

]
(𝑡) = 2 cos 2𝑡+

1

2
sin 2𝑡

(3) L −1

[
𝑠+ 1

(𝑠+ 2)2

]
(𝑡) = L −1

[
(𝑠+ 2)− 1

(𝑠+ 2)2

]
(𝑡) = L −1

[
1

𝑠+ 2
− 1

(𝑠+ 2)2

]
(𝑡) = 𝑒−2𝑡 − 𝑡𝑒−2𝑡

= (1− 𝑡)𝑒−2𝑡

(4) L −1

[
𝑠2 − 2𝑠+ 3

(𝑠− 1)3

]
(𝑡) = L −1

[
(𝑠− 1)2 + 2

(𝑠− 1)3

]
(𝑡) = L −1

[
1

𝑠− 1
+

2

(𝑠− 1)3

]
(𝑡) = (𝑡2 + 1)𝑒𝑡

(5) L −1

[
2𝑠+ 7

𝑠2 + 7𝑠− 18

]
(𝑡) = L −1

[
2𝑠+ 7

(𝑠− 2)(𝑠+ 9)

]
(𝑡) = L −1

[
1

𝑠− 2
+

1

𝑠+ 9

]
(𝑡) = 𝑒2𝑡 + 𝑒−9𝑡

(6) L −1

[
3𝑠

2𝑠2 + 𝑠− 1

]
(𝑡) = L −1

[
3𝑠

(𝑠+ 1)(2𝑠− 1)

]
(𝑡) = L −1

[
1

𝑠+ 1
+

1

2𝑠− 1

]
(𝑡)

= L −1

[
1

𝑠+ 1
+

1

2
⋅ 1

𝑠− 1
2

]
(𝑡) = 𝑒−𝑡 +

1

2
𝑒

𝑡
2

(7) L −1

[
𝑠2 + 𝑠+ 2

𝑠3 − 2𝑠2 + 4𝑠− 8

]
(𝑡) = L −1

[
𝑠2 + 𝑠+ 2

(𝑠− 2)(𝑠2 + 4)

]
(𝑡) = L −1

[
1

𝑠− 2
+

1

𝑠2 + 4

]
(𝑡)

= L −1

[
1

𝑠− 2
+

1

2
⋅ 2

𝑠2 + 4

]
(𝑡) = 𝑒2𝑡 +

1

2
sin 2𝑡
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(8) L −1

[
𝑠2 + 4𝑠+ 2

𝑠3 + 3𝑠2 + 2𝑠

]
(𝑡) = L −1

[
𝑠2 + 4𝑠+ 2

𝑠(𝑠+ 1)(𝑠+ 2)

]
(𝑡) = L −1

[
1

𝑠+ 1
− 1

𝑠+ 2
+

1

𝑠

]
(𝑡)

= 𝑒−𝑡 − 𝑒−2𝑡 + 1

(9) L −1

[
− 4𝑠

𝑠4 − 1

]
(𝑡) = L −1

[
− 4𝑠

(𝑠2 + 1)(𝑠− 1)(𝑠+ 1)

]
(𝑡) = L −1

[
2𝑠

𝑠2 + 1
− 1

𝑠− 1
− 1

𝑠+ 1

]
(𝑡)

= 2 cos 𝑡− 𝑒𝑡 − 𝑒−𝑡
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(1) L −1

[
𝑠2 − 𝑠+ 2

𝑠3 − 2𝑠2 + 2𝑠

]
(𝑡) = L −1

[
𝑠2 − 𝑠+ 2

𝑠(𝑠2 − 2𝑠+ 2)

]
(𝑡) = L −1

[
(𝑠2 − 2𝑠+ 2) + 𝑠

𝑠(𝑠2 − 2𝑠+ 2)

]
(𝑡)

= L −1

[
1

𝑠
+

1

𝑠2 − 2𝑠+ 2

]
(𝑡) = L −1

[
1

𝑠
+

1

(𝑠− 1)2 + 1

]
(𝑡) = 1 + 𝑒𝑡 sin 𝑡

(2) L −1

[
𝑠3 − 2𝑠− 2

𝑠4 + 2𝑠3 + 2𝑠2

]
(𝑡) = L −1

[
𝑠3 − 2𝑠− 2

𝑠2(𝑠2 + 2𝑠+ 2)

]
(𝑡) = L −1

[
𝑠+ 1

𝑠2 + 2𝑠+ 2
− 1

𝑠2

]
(𝑡)

= L −1

[
𝑠+ 1

(𝑠+ 1)2 + 1
− 1

𝑠2

]
(𝑡) = 𝑒−𝑡 cos 𝑡− 𝑡

(3) L −1

[
2(𝑠− 2)2

(𝑠2 + 4)2

]
(𝑡) = L −1

[
2

𝑠2 + 4
− 8𝑠

(𝑠2 + 4)2

]
(𝑡) = L −1

[
2

𝑠2 + 4
+ 2 ⋅

(
2

𝑠2 + 4

)′]
(𝑡)

= sin 2𝑡− 2𝑡 sin 2𝑡 = (1− 2𝑡) sin 2𝑡

(4) L −1

[
𝑠3 + 𝑠2 + 𝑠− 1

(𝑠2 + 1)2

]
(𝑡) = L −1

[
𝑠(𝑠2 + 1) + 𝑠2 − 1

(𝑠2 + 1)2

]
(𝑡) = L −1

[
𝑠

𝑠2 + 1
− 1− 𝑠2

(𝑠2 + 1)2

]
(𝑡)

= L −1

[
𝑠

𝑠2 + 1
−
(

𝑠

𝑠2 + 1

)′]
(𝑡) = cos 𝑡+ 𝑡 cos 𝑡 = (𝑡+ 1) cos 𝑡

(5) L −1

[
𝑠3 − 𝑠

(𝑠2 + 1)2

]
(𝑡) = L −1

[
𝑠(𝑠2 + 1)− 2𝑠

(𝑠2 + 1)2

]
(𝑡) = L −1

[
𝑠

𝑠2 + 1
− 2𝑠

(𝑠2 + 1)2

]
(𝑡)

= L −1

[
𝑠

𝑠2 + 1
+

(
1

𝑠2 + 1

)′]
(𝑡) = cos 𝑡− 𝑡 sin 𝑡

(6) L −1

[
4𝑠− 4

(𝑠2 − 2𝑠+ 5)2

]
(𝑡) = L −1

[
−
{
− 2(2𝑠− 2)

(𝑠2 − 2𝑠+ 5)2

}]
(𝑡) = L −1

[
−
{

2

𝑠2 − 2𝑠+ 5

}′]
(𝑡)

= L −1

[
−
{

2

(𝑠− 1)2 + 4

}′]
(𝑡) = 𝑡𝑒𝑡 sin 2𝑡
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(1) 2𝛿(𝑡) (2) −𝛿(𝑡) (3) 𝛿(𝑡− 3) (4) 𝛿

(
𝑡− 1

2

)
(5) 𝐻(𝑡− 2)

(6) L −1

[
1

𝑠𝑒𝑠

]
(𝑡) = L −1

[
𝑒−𝑠

𝑠

]
(𝑡) = 𝐻(𝑡− 1)
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第 2移動定理より，L −1
[
𝑒−𝜆𝑠𝐹 (𝑠)

]
(𝑡) = 𝑓(𝑡− 𝜆)𝐻(𝑡− 𝜆) だから

(1) 𝐹 (𝑠) =
1

𝑠2
の場合を考えれば，𝑓(𝑡) = 𝑡だから，L −1

[
𝑒−𝜆𝑠

𝑠2

]
(𝑡) = (𝑡− 𝜆)𝐻(𝑡− 𝜆)

(2) 𝐹 (𝑠) =
1

𝑠− 𝑎
の場合を考えれば，𝑓(𝑡) = 𝑒𝑎𝑡 だから，L −1

[
𝑒−𝜆𝑠

𝑠− 𝑎

]
(𝑡) = 𝑒𝑎(𝑡−𝜆)𝐻(𝑡− 𝜆)

(3) 𝐹 (𝑠) =
1

(𝑠− 𝑎)2
の場合を考えれば，𝑓(𝑡) = 𝑡𝑒𝑎𝑡だから，L −1

[
𝑒−𝜆𝑠

(𝑠− 𝑎)2

]
(𝑡) = (𝑡−𝜆)𝑒𝑎(𝑡−𝜆)𝐻(𝑡−𝜆)
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(1) (𝑓 ∗ 𝑔)(0) =
∫ 0

0

𝑓(𝜏)𝑔(0− 𝜏) 𝑑𝜏 = 0

(2) L
[
(𝑓 ∗ 𝑔)′(𝑡)](𝑠) = 𝑠L

[
(𝑓 ∗ 𝑔)(𝑡)](𝑠)− (𝑓 ∗ 𝑔)(0) = 𝑠L

[
𝑓(𝑡)

]
(𝑠)L

[
𝑔(𝑡)

]
(𝑠) = 𝑠𝐹 (𝑠)𝐺(𝑠)
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(3) L
[
(𝑓 ∗ 𝑔′)(𝑡) + 𝑔(0)𝑓(𝑡)

]
(𝑠) = L

[
(𝑓 ∗ 𝑔′)(𝑡)](𝑠) + 𝑔(0)L

[
𝑓(𝑡)

]
(𝑠)

= L
[
𝑓(𝑡)

]
(𝑠)L

[
𝑔′(𝑡)

]
(𝑠) + 𝑔(0)𝐹 (𝑠) = 𝐹 (𝑠)

{
𝑠𝐺(𝑠)− 𝑔(0)

}
+ 𝑔(0)𝐹 (𝑠) = 𝑠𝐹 (𝑠)𝐺(𝑠)

(4) (𝑓 ∗ 𝑔)′(𝑡) = L −1
[
𝑠𝐹 (𝑠)𝐺(𝑠)

]
(𝑡) = (𝑓 ∗ 𝑔′)(𝑡) + 𝑔(0)𝑓(𝑡)
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(1) (𝑡 ∗ 𝑡)′ = L −1

[
𝑠 ⋅ 1

𝑠2
⋅ 1

𝑠2

]
(𝑡) = L −1

[
1

𝑠3

]
(𝑡) =

1

2
𝑡2

(2) (𝑡 ∗ cos 𝑡)′ = L −1

[
𝑠 ⋅ 1

𝑠2
⋅ 𝑠

𝑠2 + 1

]
(𝑡) = L −1

[
1

𝑠2 + 1

]
(𝑡) = sin 𝑡

(3) (𝑡 ∗ 𝑒𝑡)′ = L −1

[
𝑠 ⋅ 1

𝑠2
⋅ 1

𝑠− 1

]
(𝑡) = L −1

[
1

𝑠(𝑠− 1)

]
(𝑡) = L −1

[
1

𝑠− 1
− 1

𝑠

]
(𝑡) = 𝑒𝑡 − 1

(4) (𝑡∗sin 𝑡)′ = L −1

[
𝑠 ⋅ 1

𝑠2
⋅ 1

𝑠2 + 1

]
(𝑡) = L −1

[
1

𝑠(𝑠2 + 1)

]
(𝑡) = L −1

[
1

𝑠
− 𝑠

𝑠2 + 1

]
(𝑡) = 𝑡− cos 𝑡

(5) (𝑡 cos 𝑡∗sinh 𝑡)′ = L −1

[
𝑠 ⋅ 𝑠2 − 1

(𝑠2 + 1)2
⋅ 1

𝑠2 − 1

]
(𝑡) = L −1

[
𝑠

(𝑠2 + 1)2

]
(𝑡) = L −1

[
− 1

2

(
1

𝑠2 + 1

)′]
(𝑡)

=
1

2
𝑡 sin 𝑡

(6) (𝑒𝑡 ∗ 𝑒−𝑡)′ = L −1

[
𝑠 ⋅ 1

𝑠− 1
⋅ 1

𝑠+ 1

]
(𝑡) = L −1

[
𝑠

𝑠2 − 1

]
(𝑡) = cosh 𝑡
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(1)

∫ ∞

0

1

𝑡
𝑒−2𝑡 sin 𝑡 cos 𝑡 𝑑𝑡 = L

[
1

𝑡
sin 𝑡 cos 𝑡

]
(2) =

1

2
L

[
1

𝑡
sin 2𝑡

]
(2) =

1

2

∫ ∞

2

2

𝑠2 + 4
𝑑𝑠

=
1

2
lim

𝑆→∞

[
Tan−1 𝑠

2

]𝑆
2
=

1

2
lim

𝑆→∞

(
Tan−1 𝑆

2
− Tan−1 1

)
=

1

2

( 𝜋

2
− 𝜋

4

)
=

𝜋

8

(2)

∫ ∞

0

1

𝑡
𝑒−𝑡(1 ∗ cos 𝑡) 𝑑𝑡 = L

[
1

𝑡
(1 ∗ cos 𝑡)

]
(1) =

∫ ∞

1

L
[
1 ∗ cos 𝑡](𝑠) 𝑑𝑠 = ∫ ∞

1

1

𝑠
⋅ 𝑠

𝑠2 + 1
𝑑𝑠

=

∫ ∞

1

1

𝑠2 + 1
𝑑𝑠 = lim

𝑆→∞

[
Tan−1 𝑠

]𝑆
1
= lim

𝑆→∞
(
Tan−1 𝑆 − Tan−1 1

)
=

𝜋

2
− 𝜋

4
=

𝜋

4

(3)

∫ ∞

0

𝑡𝑒−
𝑡
2 sin 𝑡 𝑑𝑡 = L

[
𝑡 sin 𝑡

]( 1

2

)
= −

(
1

𝑠2 + 1

)′ (
1

2

)
=

2𝑠

(𝑠2 + 1)2

∣∣∣∣
𝑠= 1

2

=
1(

1

4
+ 1

)2 =
16

25

(4)

∫ ∞

0

𝑡𝑒−𝑡(𝑡∗cos 𝑡) 𝑑𝑡 = L
[
𝑡(𝑡∗cos 𝑡)](1) = −

(
L

[
𝑡∗cos 𝑡])′

(1) = −
(

1

𝑠2
⋅ 𝑠

𝑠2 + 1

)′
(1) = −

(
1

𝑠3 + 𝑠

)′
(1)

=
3𝑠2 + 1

(𝑠3 + 𝑠)2

∣∣∣∣
𝑠=1

= 1

2節 ラプラス変換の応用

以下，𝑋 = L
[
𝑥
]
(𝑠)とする。
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(1) 初期条件 𝑥(0) = 0の下で 𝑥′ + 2𝑥 = 3𝑒𝑡 をラプラス変換すると，𝑠𝑋 − 0 + 2𝑋 =
3

𝑠− 1

∴ (𝑠+ 2)𝑋 =
3

𝑠− 1
∴ 𝑋 =

3

(𝑠− 1)(𝑠+ 2)
=

1

𝑠− 1
− 1

𝑠+ 2

両辺の逆ラプラス変換を考えると，𝑥 = 𝑒𝑡 − 𝑒−2𝑡

(2) 初期条件 𝑥(0) = 2の下で 𝑥′ − 𝑥 = −2𝑒−𝑡 をラプラス変換すると，𝑠𝑋 − 2−𝑋 = − 2

𝑠+ 1

∴ (𝑠− 1)𝑋 = 2− 2

𝑠+ 1
=

2𝑠+ 2− 2

𝑠+ 1
=

2𝑠

𝑠+ 1
∴ 𝑋 =

2𝑠

(𝑠− 1)(𝑠+ 1)
=

1

𝑠− 1
+

1

𝑠+ 1

両辺の逆ラプラス変換を考えると，𝑥 = 𝑒𝑡 + 𝑒−𝑡
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(3) 初期条件 𝑥(0) = 1の下で 𝑥′ − 𝑥 = 1をラプラス変換すると，𝑠𝑋 − 1−𝑋 =
1

𝑠

∴ (𝑠− 1)𝑋 = 1 +
1

𝑠
=

𝑠+ 1

𝑠
∴ 𝑋 =

𝑠+ 1

(𝑠− 1)𝑠
=

2

𝑠− 1
− 1

𝑠

両辺の逆ラプラス変換を考えると，𝑥 = 2𝑒𝑡 − 1

(4) 初期条件 𝑥(0) = 2の下で 2𝑥′ + 𝑥 = 3をラプラス変換すると，2(𝑠𝑋 − 2) +𝑋 =
3

𝑠

∴ (2𝑠+ 1)𝑋 = 4 +
3

𝑠
=

4𝑠+ 3

𝑠
∴ 𝑋 =

4𝑠+ 3

𝑠(2𝑠+ 1)
=

3

𝑠
− 2

2𝑠+ 1
=

3

𝑠
− 1

𝑠+
1

2

両辺の逆ラプラス変換を考えると，𝑥 = 3− 𝑒−
𝑡
2

(5) 初期条件 𝑥(0) = −1の下で 𝑥′ + 𝑥 = 𝑡+ 1をラプラス変換すると，𝑠𝑋 + 1 +𝑋 =
1

𝑠2
+

1

𝑠

∴ (𝑠+ 1)𝑋 = −1 +
1

𝑠2
+

1

𝑠
= − 𝑠2 − 𝑠− 1

𝑠2
∴ 𝑋 = − 𝑠2 − 𝑠− 1

𝑠2(𝑠+ 1)
=

1

𝑠2
− 1

𝑠+ 1

両辺の逆ラプラス変換を考えると，𝑥 = 𝑡− 𝑒−𝑡

(6) 初期条件 𝑥(0) = 1の下で 𝑥′ + 𝑥 = 2 cos 𝑡をラプラス変換すると，𝑠𝑋 − 1 +𝑋 =
2𝑠

𝑠2 + 1

∴ (𝑠+ 1)𝑋 = 1 +
2𝑠

𝑠2 + 1
=

𝑠2 + 2𝑠+ 1

𝑠2 + 1
=

(𝑠+ 1)2

𝑠2 + 1
∴ 𝑋 =

𝑠+ 1

𝑠2 + 1
=

𝑠

𝑠2 + 1
+

1

𝑠2 + 1
両辺の逆ラプラス変換を考えると，𝑥 = cos 𝑡+ sin 𝑡
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(1) 𝐶 = 𝑥(0)として 𝑥′ + 𝑥 = 𝑒−𝑡 をラプラス変換すると，𝑠𝑋 − 𝐶 +𝑋 =
1

𝑠+ 1

∴ (𝑠+ 1)𝑋 = 𝐶 +
1

𝑠+ 1
∴ 𝑋 =

𝐶

𝑠+ 1
+

1

(𝑠+ 1)2

両辺の逆ラプラス変換を考えると，𝑥 = (𝑡+ 𝐶)𝑒−𝑡

(2) 𝑐 = 𝑥(0)として 𝑥′ − 2𝑥 = 2をラプラス変換すると，𝑠𝑋 − 𝑐− 2𝑋 =
2

𝑠

∴ (𝑠− 2)𝑋 = 𝑐+
2

𝑠
=

𝑐𝑠+ 2

𝑠
∴ 𝑋 =

𝑐𝑠+ 2

(𝑠− 2)𝑠
=

𝑐+ 1

𝑠− 2
− 1

𝑠

𝐶 = 𝑐+ 1とおき，両辺の逆ラプラス変換を考えると，𝑥 = 𝐶𝑒2𝑡 − 1

(3) 𝑐 = 𝑥(0)として 2𝑥′ − 𝑥 = 𝑒𝑡 をラプラス変換すると，2(𝑠𝑋 − 𝑐)−𝑋 =
1

𝑠− 1

∴ (2𝑠− 1)𝑋 = 2𝑐+
1

𝑠− 1
=

2𝑐𝑠− 2𝑐+ 1

𝑠− 1

∴ 𝑋 =
2𝑐𝑠− 2𝑐+ 1

(𝑠− 1)(2𝑠− 1)
=

1

𝑠− 1
+

2𝑐− 2

2𝑠− 1
=

1

𝑠− 1
+

𝑐− 1

𝑠− 1

2

𝐶 = 𝑐− 1とおき，両辺の逆ラプラス変換を考えると，𝑥 = 𝑒𝑡 + 𝐶𝑒
𝑡
2
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(1) 初期条件 𝑥(0) = 0，𝑥′(0) = 1の下で 𝑥′′ + 𝑥 = 5𝑒2𝑡 をラプラス変換すると，𝑠2𝑋 − 1 +𝑋 =
5

𝑠− 2

∴ (𝑠2 + 1)𝑋 = 1 +
5

𝑠− 2
=

𝑠+ 3

𝑠− 2
∴ 𝑋 =

𝑠+ 3

(𝑠− 2)(𝑠2 + 1)
=

1

𝑠− 2
− 𝑠+ 1

𝑠2 + 1

両辺の逆ラプラス変換を考えると，𝑥 = 𝑒2𝑡 − cos 𝑡− sin 𝑡

(2) 初期条件 𝑥(0) = 0，𝑥′(0) = −1の下で 𝑥′′ + 𝑥 = 𝑡をラプラス変換すると，𝑠2𝑋 + 1 +𝑋 =
1

𝑠2

∴ (𝑠2 + 1)𝑋 =
1

𝑠2
− 1 =

1− 𝑠2

𝑠2
∴ 𝑋 =

1− 𝑠2

𝑠2(𝑠2 + 1)
=

1

𝑠2
− 2

𝑠2 + 1

両辺の逆ラプラス変換を考えると，𝑥 = 𝑡− 2 sin 𝑡

(3) 初期条件 𝑥(0) = 2，𝑥′(0) = 0の下で 𝑥′′ − 𝑥 = 4をラプラス変換すると，𝑠2𝑋 − 2𝑠−𝑋 =
4

𝑠

∴ (𝑠2 − 1)𝑋 = 2𝑠+
4

𝑠
=

2𝑠2 + 4

𝑠
∴ 𝑋 =

2𝑠2 + 4

(𝑠− 1)(𝑠+ 1)𝑠
=

3

𝑠− 1
+

3

𝑠+ 1
− 4

𝑠

両辺の逆ラプラス変換を考えると，𝑥 = 3𝑒𝑡 + 3𝑒−𝑡 − 4

7



(4) 初期条件 𝑥(0) = 0，𝑥′(0) = −8の下で 𝑥′′ − 𝑥 = 4 sin 𝑡をラプラス変換すると，𝑠2𝑋 +8−𝑋 =
4

𝑠2 + 1

∴ (𝑠2 − 1)𝑋 = −8 +
4

𝑠2 + 1
=

−8𝑠2 − 4

𝑠2 + 1

∴ 𝑋 =
−8𝑠2 − 4

(𝑠2 − 1)(𝑠2 + 1)
= − 6

𝑠2 − 1
− 2

𝑠2 + 1
=

3

𝑠+ 1
− 3

𝑠− 1
− 2

𝑠2 + 1

両辺の逆ラプラス変換を考えると，𝑥 = 3𝑒−𝑡 − 3𝑒𝑡 − 2 sin 𝑡

(5) 初期条件𝑥(0) = 1，𝑥′(0) = −2の下で 𝑥′′+𝑥 = −2𝑒𝑡をラプラス変換すると，𝑠2𝑋−𝑠+2+𝑋 = − 2

𝑠− 1

∴ (𝑠2 + 1)𝑋 = 𝑠− 2− 2

𝑠− 1
=

𝑠2 − 3𝑠

𝑠− 1
∴ 𝑋 = − 1

𝑠− 1
+

2𝑠− 1

𝑠2 + 1
両辺の逆ラプラス変換を考えると，𝑥 = −𝑒𝑡 + 2 cos 𝑡− sin 𝑡
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(1) 初期条件 𝑥(0) = 1，𝑥′(0) = 1の下で 𝑥′′ − 2𝑥′ + 𝑥 = 1をラプラス変換すると

𝑠2𝑋 − 𝑠− 1− 2(𝑠𝑋 − 1) +𝑋 =
1

𝑠
∴ (𝑠2 − 2𝑠+ 1)𝑋 = 𝑠− 1 +

1

𝑠
=

𝑠2 − 𝑠+ 1

𝑠

∴ 𝑋 =
𝑠2 − 𝑠+ 1

𝑠(𝑠− 1)2
=

1

𝑠
+

1

(𝑠− 1)2

両辺の逆ラプラス変換を考えると，𝑥 = 1 + 𝑡𝑒𝑡

(2) 初期条件 𝑥(0) = 6，𝑥′(0) = −6の下で 𝑥′′ + 𝑥′ − 2𝑥 = 6をラプラス変換すると

𝑠2𝑋 − 6𝑠+ 6 + 𝑠𝑋 − 6− 2𝑋 =
6

𝑠
∴ (𝑠2 + 𝑠− 2)𝑋 = 6𝑠+

6

𝑠
=

6𝑠2 + 6

𝑠

∴ 𝑋 =
6𝑠2 + 6

𝑠(𝑠− 1)(𝑠+ 2)
= − 3

𝑠
+

4

𝑠− 1
+

5

𝑠+ 2

両辺の逆ラプラス変換を考えると，𝑥 = −3 + 4𝑒𝑡 + 5𝑒−2𝑡

(3) 初期条件 𝑥(0) = 9，𝑥′(0) = 18の下で 𝑥′′ − 2𝑥′ − 3𝑥 = 9𝑡をラプラス変換すると

𝑠2𝑋 − 9𝑠− 18− 2(𝑠𝑋 − 9)− 3𝑋 =
9

𝑠2
∴ (𝑠2 − 2𝑠− 3)𝑋 = 9𝑠+

9

𝑠2
=

9(𝑠3 + 1)

𝑠2

∴ 𝑋 =
9(𝑠+ 1)(𝑠2 − 𝑠+ 1)

𝑠2(𝑠− 3)(𝑠+ 1)
=

2

𝑠
− 3

𝑠2
+

7

𝑠− 3

両辺の逆ラプラス変換を考えると，𝑥 = 2− 3𝑡+ 7𝑒3𝑡

(4) 初期条件 𝑥(0) = 0，𝑥′(0) = 9の下で 𝑥′′ − 𝑥′ − 2𝑥 = 9𝑒−𝑡 をラプラス変換すると

𝑠2𝑋 − 9− 𝑠𝑋 − 2𝑋 =
9

𝑠+ 1
∴ (𝑠2 − 𝑠− 2)𝑋 = 9 +

9

𝑠+ 1
=

9𝑠+ 18

𝑠+ 1

∴ 𝑋 =
9𝑠+ 18

(𝑠− 2)(𝑠+ 1)2
=

4

𝑠− 2
− 4

𝑠+ 1
− 3

(𝑠+ 1)2

両辺の逆ラプラス変換を考えると，𝑥 = 4𝑒2𝑡 − 4𝑒−𝑡 − 3𝑡𝑒−𝑡

(5) 初期条件 𝑥(0) = 0，𝑥′(0) = 5の下で 𝑥′′ + 3𝑥′ + 2𝑥 = −10 sin 𝑡をラプラス変換すると

𝑠2𝑋 − 5 + 3𝑠𝑋 + 2𝑋 = − 10

𝑠2 + 1
∴ (𝑠2 + 3𝑠+ 2)𝑋 = 5− 10

𝑠2 + 1
=

5𝑠2 − 5

𝑠2 + 1

∴ 𝑋 =
5(𝑠+ 1)(𝑠− 1)

(𝑠+ 1)(𝑠+ 2)(𝑠2 + 1)
= − 3

𝑠+ 2
+

3𝑠− 1

𝑠2 + 1

両辺の逆ラプラス変換を考えると，𝑥 = −3𝑒−2𝑡 + 3 cos 𝑡− sin 𝑡
156

(1) 𝛼 = 𝑥′(0)とおき，境界条件 𝑥(0) = 0の下でをラプラス変換すると，𝑠2𝑋 − 𝛼+𝑋 =
1

𝑠

∴ (𝑠2 + 1)𝑋 = 𝛼+
1

𝑠
=

𝛼𝑠+ 1

𝑠
∴ 𝑋 =

𝛼𝑠+ 1

𝑠(𝑠2 + 1)
=

1

𝑠
+

−𝑠+ 𝛼

𝑠2 + 1

両辺の逆ラプラス変換を考えると，𝑥 = 1− cos 𝑡+ 𝛼 sin 𝑡

境界条件 𝑥
( 𝜋

2

)
= 0より，𝑥

( 𝜋

2

)
= 1− cos

𝜋

2
+ 𝛼 sin

𝜋

2
= 1 + 𝛼 = 0 ∴ 𝛼 = −1

よって，𝑥 = 1− cos 𝑡− sin 𝑡

(2) 𝛼 = 𝑥′(0)とおき，境界条件 𝑥(0) = 0の下で 𝑥′′ + 𝑥 = 𝑡をラプラス変換すると

𝑠2𝑋 − 𝛼+𝑋 =
1

𝑠2
∴ (𝑠2 + 1)𝑋 = 𝛼+

1

𝑠2
=

𝛼𝑠2 + 1

𝑠2

8



∴ 𝑋 =
𝛼𝑠2 + 1

𝑠2(𝑠2 + 1)
=

1

𝑠2
+

𝛼− 1

𝑠2 + 1

両辺の逆ラプラス変換を考えると，𝑥 = 𝑡+ (𝛼− 1) sin 𝑡

境界条件 𝑥
( 𝜋

2

)
=

𝜋

2
− 1より，𝑥

( 𝜋

2

)
=

𝜋

2
+ (𝛼− 1) sin

𝜋

2
=

𝜋

2
+𝛼− 1 =

𝜋

2
− 1 ∴ 𝛼 = 0

よって，𝑥 = 𝑡− sin 𝑡

(3) 𝛼 = 𝑥′(0)とおき，境界条件 𝑥(0) = 0の下で 𝑥′′ − 𝑥 = 1をラプラス変換すると

𝑠2𝑋 − 𝛼−𝑋 =
1

𝑠
∴ (𝑠2 − 1)𝑋 = 𝛼+

1

𝑠
=

𝛼𝑠+ 1

𝑠

∴ 𝑋 =
𝛼𝑠+ 1

(𝑠− 1)(𝑠+ 1)𝑠
=

1

2

(
𝛼+ 1

𝑠− 1
+

1− 𝛼

𝑠+ 1

)
− 1

𝑠

両辺の逆ラプラス変換を考えると，𝑥 =
1

2

(
(𝛼+ 1)𝑒𝑡 + (1− 𝛼)𝑒−𝑡

)
− 1

境界条件 𝑥(1) = 𝑒−1 − 1より，𝑥(1) = −1 +
1

2

(
(𝛼+ 1)𝑒+ (1− 𝛼)𝑒−1

)
= 𝑒−1 − 1

∴ (𝛼+ 1)𝑒+ (1− 𝛼)𝑒−1 = 2𝑒−1 ∴
(
𝑒− 𝑒−1

)
𝛼 = −(

𝑒− 𝑒−1
)

∴ 𝛼 = −1

よって，𝑥 = 𝑒−𝑡 − 1

(4) 𝛼 = 𝑥′(0)とおき，境界条件 𝑥(0) = 0の下で 𝑥′′ − 2𝑥′ + 𝑥 = 2𝑒𝑡 をラプラス変換すると

𝑠2𝑋 − 𝛼− 2𝑠𝑋 +𝑋 =
2

𝑠− 1
∴ (𝑠2 − 2𝑠+ 1)𝑋 = 𝛼+

2

𝑠− 1

∴ 𝑋 =
𝛼

(𝑠− 1)2
+

2

(𝑠− 1)3

両辺の逆ラプラス変換を考えると，𝑥 = 𝛼𝑡𝑒𝑡 + 𝑡2𝑒𝑡

境界条件 𝑥(1) = 2𝑒より，𝑥(1) = 𝛼𝑒+ 𝑒 = (𝛼+ 1)𝑒 = 2𝑒 ∴ 𝛼 = 1

よって，𝑥 = (𝑡2 + 𝑡)𝑒𝑡

(5) 𝛼 = 𝑥′(0)とおき，境界条件 𝑥(0) = 0の下で 𝑥′′ + 4𝑥′ + 4𝑥 = 𝑒−2𝑡 をラプラス変換すると

𝑠2𝑋 − 𝛼+ 4𝑠𝑋 + 4𝑋 =
1

𝑠+ 2
∴ (𝑠2 + 4𝑠+ 4)𝑋 = 𝛼+

1

𝑠+ 2

∴ 𝑋 =
𝛼

(𝑠+ 2)2
+

1

(𝑠+ 2)3

両辺の逆ラプラス変換を考えると，𝑥 = 𝛼𝑡𝑒−2𝑡 +
1

2
𝑡2𝑒−2𝑡

境界条件 𝑥(1) = 𝑒−2 より，𝑥(1) = 𝛼𝑒−2 +
1

2
𝑒−2 = 𝑒−2 ∴ 𝛼 =

1

2

よって，𝑥 =
1

2
(𝑡2 + 𝑡)𝑒−2𝑡

157

(1) 𝑞′ + 𝑞 = 1

(2) 𝑄 = L [𝑞](𝑠)とし，初期条件 𝑞(0) = 2の下で (1)の微分方程式をラプラス変換すると

𝑠𝑄− 2 +𝑄 =
1

𝑠
∴ (𝑠+ 1)𝑄 = 2 +

1

𝑠
=

2𝑠+ 1

𝑠
∴ 𝑄 =

1

𝑠
+

1

𝑠+ 1
両辺の逆ラプラス変換を考えると，𝑞 = 1 + 𝑒−𝑡

(3) (2)より，不等式 1 + 𝑒−𝑡 <
3

2
を解けばよい。

両辺の対数をとると，log 𝑒−𝑡 < log
1

2
= log 2−1 ∴ −𝑡 < − log 2 ∴ 𝑡 > log 2

158

(1) 𝑥′′ = −5𝑥− 2𝑥′

(2) 初期条件 𝑥(0) = 1，𝑥′(0) = 1の下で (1)の微分方程式をラプラス変換すると

𝑠2𝑋 − 𝑠− 1 = −5𝑋 − 2(𝑠𝑋 − 1) ∴ (𝑠2 + 2𝑠+ 5)𝑋 = 𝑠+ 3

∴ 𝑋 =
𝑠+ 3

(𝑠+ 1)2 + 4
=

𝑠+ 1

(𝑠+ 1)2 + 4
+

2

(𝑠+ 1)2 + 4

両辺の逆ラプラス変換を考えると，𝑥 = 𝑒−𝑡(cos 2𝑡+ sin 2𝑡)

(3) (2)の解の形より，減衰振動

9
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(1)
𝑑4𝑥

𝑑𝑡4
= −1

(2) 境界条件 𝑥(0) = 0，𝑥(1) = 0，𝑥′(0) = 0，𝑥′(1) = 0の下で (1)の微分方程式を解けばよい。𝑐2 = 𝑥′′(0)，
𝑐3 = 𝑥′′′(0)とする。境界条件 𝑥(0) = 0，𝑥′(0) = 0の下で (1)の微分方程式をラプラス変換すると

𝑠4𝑋 − 𝑐2𝑠− 𝑐3 = − 1

𝑠
∴ 𝑋 =

𝑐2
𝑠3

+
𝑐3
𝑠4

− 1

𝑠5

両辺の逆ラプラス変換を考えると，𝑥 =
𝑐2
2

𝑡2 +
𝑐3
6

𝑡3 − 1

24
𝑡4 ∴ 𝑥′ = 𝑐2𝑡+

𝑐3
2

𝑡2 − 1

6
𝑡3

境界条件 𝑥(1) = 0，𝑥′(1) = 0より

𝑥(1) =
𝑐2
2

+
𝑐3
6

− 1

24
= 0 ∴ 12𝑐2 + 4𝑐3 = 1 … 1⃝

𝑥′(1) = 𝑐2 +
𝑐3
2

− 1

6
= 0 ∴ 12𝑐2 + 6𝑐3 = 2 … 2⃝

1⃝， 2⃝を連立して，𝑐2 = − 1

12
，𝑐3 =

1

2

∴ 𝑥 = − 1

24
𝑡2 +

1

12
𝑡3 − 1

24
𝑡4 = − 1

24
𝑡2(1− 2𝑡+ 𝑡2) ∴ 𝑥 = − 1

24
𝑡2(1− 𝑡)2

(3) 𝑡 =
1

2
における 𝑥(𝑡)の値を求めればよい。

𝑥

(
1

2

)
= − 1

24

(
1

2

)2 (
1− 1

2

)2

= − 1

384
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𝐹 (𝑠) = L [𝑓(𝑡)](𝑠)とする。

(1) 積分方程式を 𝑓(𝑡) ∗ cos 𝑡 = sin 𝑡と書き直し，両辺をラプラス変換すると

𝐹 (𝑠) ⋅ 𝑠

𝑠2 + 1
=

1

𝑠2 + 1
∴ 𝐹 (𝑠) =

1

𝑠
∴ 𝑓(𝑡) = 1

(2) 積分方程式を 𝑓(𝑡) ∗ sin 𝑡 = 𝑡3 と書き直し，両辺をラプラス変換すると

𝐹 (𝑠) ⋅ 1

𝑠2 + 1
=

6

𝑠4
∴ 𝐹 (𝑠) =

6𝑠2 + 6

𝑠4
=

6

𝑠2
+

6

𝑠4
∴ 𝑓(𝑡) = 6𝑡+ 𝑡3

(3) 積分方程式を 𝑓(𝑡) ∗ cos 𝑡 = 𝑡2 と書き直し，両辺をラプラス変換すると

𝐹 (𝑠) ⋅ 𝑠

𝑠2 + 1
=

2

𝑠3
∴ 𝐹 (𝑠) =

2𝑠2 + 2

𝑠4
=

2

𝑠2
+

1

3
⋅ 3!

𝑠4
∴ 𝑓(𝑡) = 2𝑡+

1

3
𝑡3

(4) 積分方程式を 𝑓(𝑡) ∗ 𝑒𝑡 = 𝑡2 と書き直し，両辺をラプラス変換すると

𝐹 (𝑠) ⋅ 1

𝑠− 1
=

2

𝑠3
∴ 𝐹 (𝑠) =

2𝑠− 2

𝑠3
=

2

𝑠2
− 2

𝑠3
∴ 𝑓(𝑡) = 2𝑡− 𝑡2

161

(1) 初期条件 𝑥(0) = 1の下で 𝑥′ + 𝑥 = 𝑡をラプラス変換すると，𝑠𝑋 − 1 +𝑋 =
1

𝑠2

∴ (𝑠+ 1)𝑋 = 1 +
1

𝑠2
=

𝑠2 + 1

𝑠2
∴ 𝑋 =

𝑠2 + 1

(𝑠+ 1)𝑠2
=

2

𝑠+ 1
+

1

𝑠2
− 1

𝑠

両辺の逆ラプラス変換を考えると，𝑥 = 2𝑒−𝑡 + 𝑡− 1

(2) 初期条件 𝑥(0) = 9の下で 𝑥′ + 2𝑥 = 9𝑡𝑒𝑡 をラプラス変換すると，𝑠𝑋 − 9 + 2𝑋 =
9

(𝑠− 1)2

∴ (𝑠+ 2)𝑋 = 9 +
9

(𝑠− 1)2
=

9𝑠2 − 18𝑠+ 18

(𝑠− 1)2

∴ 𝑋 =
9𝑠2 − 18𝑠+ 18

(𝑠+ 2)(𝑠− 1)2
=

3

(𝑠− 1)2
− 1

𝑠− 1
+

10

𝑠+ 2

両辺の逆ラプラス変換を考えると，𝑥 = (3𝑡− 1)𝑒𝑡 + 10𝑒−2𝑡

(3) 初期条件 𝑥(0) = 0，𝑥′(0) = 2の下で 𝑥′′ − 4𝑥′ + 4𝑥 = −4をラプラス変換すると

𝑠2𝑋 − 2− 4𝑠𝑋 + 4𝑋 = − 4

𝑠
∴ (𝑠2 − 4𝑠+ 4)𝑋 = 2− 4

𝑠
=

2(𝑠− 2)

𝑠

∴ 𝑋 =
2

(𝑠− 2)𝑠
=

1

𝑠− 2
− 1

𝑠

両辺の逆ラプラス変換を考えると，𝑥 = 𝑒2𝑡 − 1

10



(4) 初期条件 𝑥(0) = 1，𝑥′(0) = −1の下で 𝑥′′ + 2𝑥′ + 𝑥 = 𝑒−𝑡 cos 𝑡をラプラス変換すると

𝑠2𝑋 − 𝑠+ 1 + 2𝑠𝑋 − 2 +𝑋 =
𝑠+ 1

(𝑠+ 1)2 + 1
∴ (𝑠2 + 2𝑠+ 1)𝑋 = 𝑠+ 1 +

𝑠+ 1

𝑠2 + 2𝑠+ 2

∴ 𝑋 =
1

𝑠+ 1
+

1

(𝑠+ 1)(𝑠2 + 2𝑠+ 2)
=

2

𝑠+ 1
− 𝑠+ 1

(𝑠+ 1)2 + 1

両辺の逆ラプラス変換を考えると，𝑥 = 𝑒−𝑡(2− cos 𝑡)

(5) 初期条件 𝑥(0) = 0，𝑥′(0) = 0の下で 𝑥′′ + 4𝑥 = 4 cos 2𝑡をラプラス変換すると，𝑠2𝑋 + 4𝑋 =
4𝑠

𝑠2 + 4

∴ (𝑠2 + 4)𝑋 =
4𝑠

𝑠2 + 4
∴ 𝑋 =

4𝑠

(𝑠2 + 4)2
= −

(
2

𝑠2 + 4

)′

両辺の逆ラプラス変換を考えると，𝑥 = 𝑡 sin 2𝑡

(6) 初期条件 𝑥(0) = 0，𝑥′(0) = 1の下で 𝑥′′ + 2𝑥′ + 2𝑥 = 2𝑒−𝑡(cos 𝑡− sin 𝑡)をラプラス変換すると

𝑠2𝑋 − 1 + 2𝑠𝑋 + 2𝑋 = 2

{
𝑠+ 1

(𝑠+ 1)2 + 1
− 1

(𝑠+ 1)2 + 1

}
∴ (𝑠2 + 2𝑠+ 2)𝑋 =

2(𝑠+ 1)

(𝑠+ 1)2 + 1
+ 1− 2

(𝑠+ 1)2 + 1
=

2(𝑠+ 1)

(𝑠+ 1)2 + 1
+

(𝑠+ 1)2 − 1

(𝑠+ 1)2 + 1

∴ 𝑋 =
2(𝑠+ 1){

(𝑠+ 1)2 + 1
}2 +

(𝑠+ 1)2 − 1{
(𝑠+ 1)2 + 1

}2

両辺の逆ラプラス変換を考えると，𝑥 = 𝑡𝑒−𝑡(sin 𝑡+ cos 𝑡)
162

(1) 𝛼 = 𝑥′(0)とおき，境界条件 𝑥(0) = 0の下で 𝑥′′ − 𝑥 = 2𝑒𝑡 をラプラス変換すると

𝑠2𝑋 − 𝛼−𝑋 =
2

𝑠− 1
∴ (𝑠2 − 1)𝑋 = 𝛼+

2

𝑠− 1
=

𝛼𝑠− 𝛼+ 2

𝑠− 1

∴ 𝑋 =
𝛼𝑠− 𝛼+ 2

(𝑠− 1)2(𝑠+ 1)
=

1

(𝑠− 1)2
+

𝛼− 1

2
⋅ 1

𝑠− 1
− 𝛼− 1

2
⋅ 1

𝑠+ 1

両辺の逆ラプラス変換を考えると，𝑥 = 𝑡𝑒𝑡 +
𝛼− 1

2
𝑒𝑡 − 𝛼− 1

2
𝑒−𝑡

境界条件 𝑥(1) = 2𝑒− 𝑒−1より，𝑥(1) = 𝑒+
𝛼− 1

2
𝑒− 𝛼− 1

2
𝑒−1 =

𝑒− 𝑒−1

2
𝛼+

𝑒+ 𝑒−1

2
= 2𝑒− 𝑒−1

∴
𝑒− 𝑒−1

2
𝛼 = 2𝑒− 𝑒−1 − 𝑒+ 𝑒−1

2
=

3(𝑒− 𝑒−1)

2
∴ 𝛼 = 3

よって，𝑥 = (𝑡+ 1)𝑒𝑡 − 𝑒−𝑡

(2) 𝛼 = 𝑥′(0)とおき，境界条件 𝑥(0) = 0の下で 𝑥′′ + 𝑥 = 2 cos 𝑡をラプラス変換すると

𝑠2𝑋 − 𝛼+𝑋 =
2𝑠

𝑠2 + 1
∴ (𝑠2 + 1)𝑋 = 𝛼+

2𝑠

𝑠2 + 1

∴ 𝑋 =
𝛼

𝑠2 + 1
+

2𝑠

(𝑠2 + 1)2
=

𝛼

𝑠2 + 1
−

(
1

𝑠2 + 1

)′

両辺の逆ラプラス変換を考えると，𝑥 = 𝛼 sin 𝑡+ 𝑡 sin 𝑡 = (𝑡+ 𝛼) sin 𝑡

境界条件 𝑥
( 𝜋

6

)
=

7𝜋

12
より，𝑥

( 𝜋

6

)
=

( 𝜋

6
+ 𝛼

)
⋅ 1

2
=

𝜋 + 6𝛼

12
=

7𝜋

12
∴ 𝛼 = 𝜋

よって，𝑥 = (𝑡+ 𝜋) sin 𝑡

(3) 𝛼 = 𝑥′(0)とおき，境界条件 𝑥(0) = 0の下で 𝑥′′ + 𝑥′ = 𝑒−𝑡 をラプラス変換すると

𝑠2𝑋 − 𝛼+ 𝑠𝑋 =
1

𝑠+ 1
∴ (𝑠2 + 𝑠)𝑋 = 𝛼+

1

𝑠+ 1
=

𝛼𝑠+ 𝛼+ 1

𝑠+ 1

∴ 𝑋 =
𝛼𝑠+ 𝛼+ 1

𝑠(𝑠+ 1)2
=

𝛼+ 1

𝑠
− 𝛼+ 1

𝑠+ 1
− 1

(𝑠+ 1)2

両辺の逆ラプラス変換を考えると，𝑥 = 𝛼+ 1− (𝛼+ 1)𝑒−𝑡 − 𝑡𝑒−𝑡

∴ 𝑥′ = (𝛼+ 1)𝑒−𝑡 − 𝑒−𝑡 + 𝑡𝑒−𝑡

∴ 𝑥(1) = 𝛼+1− (𝛼+1)𝑒−1− 𝑒−1 = 𝛼+1− (𝛼+2)𝑒−1，𝑥′(1) = (𝛼+1)𝑒−1− 𝑒−1+ 𝑒−1 = (𝛼+1)𝑒−1

境界条件 𝑥′(1)− 𝑥(1) = 𝑒−1 より

𝑥′(1)− 𝑥(1) = (𝛼+ 1)𝑒−1 − {
𝛼+ 1− (𝛼+ 2)𝑒−1

}
= (2𝛼+ 3)𝑒−1 − 𝛼− 1 = 𝑒−1

∴ (2𝑒−1 − 1)𝛼 = −(2𝑒−1 − 1) ∴ 𝛼 = −1

よって，𝑥 = −𝑡𝑒−𝑡
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(4) 𝛼 = 𝑥′(0)とおき，境界条件 𝑥(0) = 0の下で 𝑥′′ − 𝑥′ = 2 sin 𝑡をラプラス変換すると

𝑠2𝑋 − 𝛼− 𝑠𝑋 =
2

𝑠2 + 1
∴ (𝑠2 − 𝑠)𝑋 = 𝛼+

2

𝑠2 + 1
=

𝛼𝑠2 + 𝛼+ 2

𝑠2 + 1

∴ 𝑋 =
𝛼𝑠2 + 𝛼+ 2

𝑠(𝑠− 1)(𝑠2 + 1)
= − 𝛼+ 2

𝑠
+

𝛼+ 1

𝑠− 1
+

𝑠− 1

𝑠2 + 1

両辺の逆ラプラス変換を考えると，𝑥 = −𝛼−2+(𝛼+1)𝑒𝑡+cos 𝑡−sin 𝑡 ∴ 𝑥′ = (𝛼+1)𝑒𝑡−sin 𝑡−cos 𝑡

∴ 𝑥(𝜋) = −𝛼− 2 + (𝛼+ 1)𝑒𝜋 − 1，𝑥′(𝜋) = (𝛼+ 1)𝑒𝜋 + 1

境界条件 𝑥′(𝜋) − 𝑥(𝜋) = 2より，𝑥′(𝜋) − 𝑥(𝜋) = (𝛼 + 1)𝑒𝜋 + 1 + 𝛼 + 2 − (𝛼 + 1)𝑒𝜋 + 1 = 𝛼 + 4 = 2

∴ 𝛼 = −2 ∴ 𝑥 = −𝑒𝑡 + cos 𝑡− sin 𝑡

(5) 𝛼 = 𝑥′(0)とおき，境界条件 𝑥(0) = 0の下で 𝑥′′ + 2𝑥′ − 3𝑥 = 4𝑒𝑡 をラプラス変換すると

𝑠2𝑋 − 𝛼+ 2𝑠𝑋 − 3𝑋 =
4

𝑠− 1
∴ (𝑠2 + 2𝑠− 3)𝑋 = 𝛼+

4

𝑠− 1
=

𝛼𝑠− 𝛼+ 4

𝑠− 1

∴ 𝑋 =
𝛼𝑠− 𝛼+ 4

(𝑠− 1)2(𝑠+ 3)
=

1

4

{
𝛼− 1

𝑠− 1
+

4

(𝑠− 1)2
− 𝛼− 1

𝑠+ 3

}
両辺の逆ラプラス変換を考えると，𝑥 =

1

4

{
(𝛼− 1)𝑒𝑡 + 4𝑡𝑒𝑡 − (𝛼− 1)𝑒−3𝑡

}
∴ 𝑥′ =

1

4

{
(𝛼− 1)𝑒𝑡 + 4𝑒𝑡 + 4𝑡𝑒𝑡 + 3(𝛼− 1)𝑒−3𝑡

}
∴ 𝑥(1) =

1

4

{
(𝛼− 1)𝑒+ 4𝑒− (𝛼− 1)𝑒−3

}
，𝑥′(1) =

1

4

{
(𝛼− 1)𝑒+ 4𝑒+ 4𝑒+ 3(𝛼− 1)𝑒−3

}
境界条件 𝑥′(1)− 𝑥(1) = 𝑒+ 4𝑒−3 より

𝑥′(1)−𝑥(1) =
1

4

{
4𝑒+4(𝛼−1)𝑒−3

}
= 𝑒+(𝛼−1)𝑒−3 = 𝑒+4𝑒−3 ∴ 𝛼 = 5 ∴ 𝑥 = (𝑡+1)𝑒𝑡−𝑒−3𝑡
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この回路の方程式は，𝑅𝑞′ +
1

𝐶
𝑞 = sin 𝑡 ∴ 𝑞′ +

1

𝑅𝐶
𝑞 =

1

𝑅
sin 𝑡

𝑄 = L [𝑞](𝑠)とし，初期条件 𝑞(0) = 0の下でこの方程式をラプラス変換すると

𝑠𝑄+
1

𝑅𝐶
𝑄 =

1

𝑅
⋅ 1

𝑠2 + 1
∴

(
𝑠+

1

𝑅𝐶

)
𝑄 =

1

𝑅
⋅ 1

𝑠2 + 1

∴ 𝑄 =
𝐶

𝑅𝐶𝑠+ 1
⋅ 1

𝑠2 + 1
=

𝐶

𝑅2𝐶2 + 1

(
𝑅2𝐶2

𝑅𝐶𝑠+ 1
− 𝑅𝐶𝑠

𝑠2 + 1
+

1

𝑠2 + 1

)

=
𝐶

𝑅2𝐶2 + 1

⎛⎜⎝ 𝑅𝐶

𝑠+
1

𝑅𝐶

− 𝑅𝐶𝑠

𝑠2 + 1
+

1

𝑠2 + 1

⎞⎟⎠
両辺の逆ラプラス変換を考えると，𝑞 =

𝐶

𝑅2𝐶2 + 1

(
𝑅𝐶𝑒−

𝑡
𝑅𝐶 −𝑅𝐶 cos 𝑡+ sin 𝑡

)
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(1) 初期条件 𝑥(0) = 1，𝑥′(0) = 0の下で 𝑥′′ + 8𝑥′ + 20𝑥 = 0をラプラス変換すると

𝑠2𝑋 − 𝑠+ 8(𝑠𝑋 − 1) + 20𝑋 = 0 ∴ (𝑠2 + 8𝑠+ 20)𝑋 = 𝑠+ 8

∴ 𝑋 =
𝑠+ 8

𝑠2 + 8𝑠+ 20
=

𝑠+ 4

(𝑠+ 4)2 + 4
+

2 ⋅ 2
(𝑠+ 4)2 + 4

両辺の逆ラプラス変換を考えると，𝑥 = 𝑒−4𝑡(cos 2𝑡+ 2 sin 2𝑡)

(2) 𝑥′(0) = 𝛼とし，境界条件 𝑥(0) = 0の下で 𝑥′′ + 8𝑥′ + 20𝑥 = 0をラプラス変換すると，

𝑠2𝑋 −𝛼+8𝑠𝑋 +20𝑋 = 0 ∴ (𝑠2+8𝑠+20)𝑋 = 𝛼 ∴𝑋 =
𝛼

𝑠2 + 8𝑠+ 20
=

𝛼

2
⋅ 2

(𝑠+ 4)2 + 4

両辺の逆ラプラス変換を考えると，𝑥 =
𝛼

2
𝑒−4𝑡 sin 2𝑡

∴ 𝑥′ =
𝛼

2

(−4𝑒−4𝑡 sin 2𝑡+ 𝑒−4𝑡 ⋅ 2 cos 2𝑡) = −𝛼𝑒−4𝑡
(
2 sin 2𝑡− cos 2𝑡

)
境界条件 𝑥′

( 𝜋

4

)
= 4𝑒−𝜋 より

𝑥′
( 𝜋

4

)
= −𝛼𝑒−𝜋

(
2 sin

𝜋

2
− cos

𝜋

2

)
= −2𝛼𝑒−𝜋 = 4𝑒−𝜋 ∴ 𝛼 = −2 ∴ 𝑥 = −𝑒−4𝑡 sin 2𝑡

(3) 𝑐0 = 𝑥(0)，𝑐1 = 𝑥′(0)とし，𝑥′′ + 8𝑥′ + 20𝑥 = 0をラプラス変換すると

𝑠2𝑋 − 𝑐0𝑠− 𝑐1 + 8(𝑠𝑋 − 𝑐0) + 20𝑋 = 0 ∴ (𝑠2 + 8𝑠+ 20)𝑋 = 𝑐0𝑠+ 8𝑐0 + 𝑐1
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∴ 𝑋 =
𝑐0𝑠+ 8𝑐0 + 𝑐1
𝑠2 + 8𝑠+ 20

= 𝑐0 ⋅ 𝑠

(𝑠+ 4)2 + 4
+

8𝑐0 + 𝑐1
2

⋅ 2

(𝑠+ 4)2 + 4

両辺の逆ラプラス変換を考えると

𝑥 = 𝑐0𝑒
−4𝑡 cos 2𝑡+

8𝑐0 + 𝑐1
2

𝑒−4𝑡 sin 2𝑡 = 𝑒−4𝑡

(
𝑐0 cos 2𝑡+

8𝑐0 + 𝑐1
2

sin 2𝑡

)
∴ 𝑥′ = −4𝑒−4𝑡

(
𝑐0 cos 2𝑡+

8𝑐0 + 𝑐1
2

sin 2𝑡

)
+ 𝑒−4𝑡

(−2𝑐0 sin 2𝑡+ (8𝑐0 + 𝑐1) cos 2𝑡
)

∴ 𝑥(𝜋) = 𝑐0𝑒
−4𝜋，𝑥′(𝜋) = −4𝑐0𝑒

−4𝜋 + (8𝑐0 + 𝑐1)𝑒
−4𝜋 = (4𝑐0 + 𝑐1)𝑒

−4𝜋

境界条件 𝑥(𝜋) = 𝑒−4𝜋，𝑥′(𝜋) = 2𝑒−4𝜋 より，𝑐0 = 1，𝑐1 = −2

よって，𝑥 = 𝑒−4𝑡(cos 2𝑡+ 3 sin 2𝑡)
165

𝑐1 = 𝑥′(0)，𝑐3 = 𝑥′′′(0)とし，境界条件 𝑥(0) = 0，𝑥′′(0) = 0の下で弾性曲線方程式をラプラス変換す

ると，𝑠4𝑋 − 𝑐1𝑠
2 − 𝑐3 = − 1

𝐸𝐼𝑠
∴ 𝑋 =

𝑐1
𝑠2

+
𝑐3
𝑠4

− 1

𝐸𝐼𝑠5

両辺の逆ラプラス変換を考えると，𝑥 = 𝑐1𝑡+
𝑐3
6

𝑡3 − 1

24𝐸𝐼
𝑡4 ∴ 𝑥′ = 𝑐1 +

𝑐3
2

𝑡2 − 1

6𝐸𝐼
𝑡3

境界条件 𝑥(1) = 0，𝑥′(1) = 0より，𝑥(1) = 𝑐1 +
𝑐3
6

− 1

24𝐸𝐼
= 0，𝑥′(1) = 𝑐1 +

𝑐3
2

− 1

6𝐸𝐼
= 0

∴ 𝑐1 = − 1

48𝐸𝐼
，𝑐3 =

3

8𝐸𝐼

𝑥 = − 1

48𝐸𝐼
𝑡+

1

16𝐸𝐼
𝑡3 − 1

24𝐸𝐼
𝑡4 = − 1

48𝐸𝐼
𝑡(1− 3𝑡2 + 2𝑡3) ∴ 𝑥 = − 1

48𝐸𝐼
𝑡(𝑡− 1)2(2𝑡+ 1)
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𝐹 (𝑠) = L [𝑓(𝑡)](𝑠)とする。

(1) 積分方程式を 𝑓(𝑡) ∗ √ 𝑡 = 𝑡と書き直し，両辺をラプラス変換すると，𝐹 (𝑠) ⋅
√

𝜋

2𝑠
3
2

=
1

𝑠2

∴ 𝐹 (𝑠) =
2√

𝜋 ⋅ 𝑠 1
2

=
2

𝜋

√
𝜋

𝑠
∴ 𝑓(𝑡) =

2

𝜋
√

𝑡

(2)

∫ 𝑡

0

𝑓(𝑢)𝑒𝑢−𝑡 𝑑𝑢 =

∫ 𝑡

0

𝑓(𝑢)𝑒−(𝑡−𝑢) 𝑑𝑢だから，積分方程式を 𝑓(𝑡) ∗ 𝑒−𝑡 = 𝑒𝑡 sin 𝑡と書き直し，両辺をラ

プラス変換すると，𝐹 (𝑠) ⋅ 1

𝑠+ 1
=

1

(𝑠− 1)2 + 1
𝐹 (𝑠) =

𝑠+ 1

(𝑠− 1)2 + 1
=

(𝑠− 1) + 2

(𝑠− 1)2 + 1

∴ 𝑓(𝑡) = 𝑒𝑡(cos 𝑡+ 2 sin 𝑡)

3章の問題

1

(1) L
[
(2𝑡− 1)(𝑡+ 3)𝑒−𝑡

]
(𝑠) = L

[
2𝑡2𝑒−𝑡 + 5𝑡𝑒−𝑡 − 3𝑒−𝑡

]
(𝑠) =

4

(𝑠+ 1)3
+

5

(𝑠+ 1)2
− 3

𝑠+ 1

(2) L
[
(𝑡+ cos 𝑡)𝑒2𝑡

]
(𝑠) = L

[
𝑡𝑒2𝑡 + 𝑒2𝑡 cos 𝑡

]
(𝑠) =

1

(𝑠− 2)2
+

𝑠− 2

(𝑠− 2)2 + 1

(3) L
[
(sin 𝑡− cos 𝑡)2

]
(𝑠) = L

[
sin2 𝑡+ cos2 𝑡− 2 sin 𝑡 cos 𝑡

]
(𝑠) = L

[
1− sin 2𝑡

]
(𝑠) =

1

𝑠
− 2

𝑠2 + 4

(4) L
[
𝑡 ∗ cos 𝑡](𝑠) = 1

𝑠2
⋅ 𝑠

𝑠2 + 1
=

1

𝑠(𝑠2 + 1)

(5) L
[
𝛿(2𝑡− 1)

]
(𝑠) = L

[
1

2
𝛿

(
𝑡− 1

2

)]
(𝑠) =

1

2
𝑒−

𝑠
2

(6) L
[(
1− 𝑒

𝑡
2

)
sin

√
2 𝑡

]
(𝑠) = L

[
sin

√
2 𝑡− 𝑒

𝑡
2 sin

√
2 𝑡

]
(𝑠)

=

√
2

𝑠2 + 2
−

√
2(

𝑠− 1

2

)2

+ 2

=

√
2

𝑠2 + 2
− 4

√
2

(2𝑠− 1)2 + 8

13



2

(1) L
[
2 sin 𝑡 cos 𝑡 cos 2𝑡

]
(𝑠) = L

[
sin 2𝑡 cos 2𝑡

]
(𝑠) = L

[
1

2
sin 4𝑡

]
(𝑠) =

1

2
⋅ 4

𝑠2 + 16
=

2

𝑠2 + 16

(2) L
[(
𝑒−𝑡 + 𝑒2𝑡

)3]
(𝑠) = L

[
𝑒−3𝑡 + 3𝑒−2𝑡𝑒2𝑡 + 3𝑒−𝑡𝑒4𝑡 + 𝑒6𝑡

]
(𝑠) = L

[
𝑒−3𝑡 + 3 + 3𝑒3𝑡 + 𝑒6𝑡

]
(𝑠)

=
1

𝑠+ 3
+

3

𝑠
+

3

𝑠− 3
+

1

𝑠− 6

(3) L

[
sin 3𝑡

𝑡

]
(𝑠) =

∫ ∞

𝑠

3

𝑠2 + 9
𝑑𝑠 = lim

𝑆→∞

[
Tan−1 𝑠

3

]𝑆
𝑠
= lim

𝑆→∞

(
Tan−1 𝑆

3
− Tan−1 𝑠

3

)
=

𝜋

2
− Tan−1 𝑠

3
= Tan−1 3

𝑠

(4) L
[
𝐻(2𝑡− 1)

]
(𝑠) =

1

2
L

[
𝐻(𝑡− 1)

] ( 𝑠

2

)
=

1

2
⋅ 𝑒−

𝑠
2

𝑠

2

=
1

𝑠
𝑒−

𝑠
2

(5) L
[
cosh2 𝑡− sinh2 𝑡

]
(𝑠) = L

[(
𝑒𝑡 + 𝑒−𝑡

2

)2

−
(

𝑒𝑡 − 𝑒−𝑡

2

)2
]
(𝑠)

=
1

4
L

[(
𝑒2𝑡 + 2 + 𝑒−2𝑡

)− (
𝑒2𝑡 − 2 + 𝑒−2𝑡

)]
(𝑠) = L [ 1 ](𝑠) =

1

𝑠

(6) (𝑡− sin 𝑡)2 = 𝑡2 − 2𝑡 sin 𝑡+ sin2 𝑡 = 𝑡2 − 2𝑡 sin 𝑡+
1− cos 2𝑡

2
より

L
[
(𝑡−sin 𝑡)2

]
(𝑠) =

2

𝑠3
+2

(
1

𝑠2 + 1

)′
+

1

2

(
1

𝑠
− 𝑠

𝑠2 + 4

)
=

2

𝑠3
− 4𝑠

(𝑠2 + 1)2
+

1

2𝑠
− 𝑠

2(𝑠2 + 4)

(7) L

[∫ 𝑡

0

𝑡2𝑒𝑡 𝑑𝑡

]
(𝑠) =

1

𝑠
L

[
𝑡2𝑒𝑡

]
(𝑠) =

1

𝑠
⋅ (−1)2

(
1

𝑠− 1

)′′
=

2

𝑠(𝑠− 1)3

(8) L

[
1√
𝑡

]
(𝑠) =

√
𝜋

𝑠
より，L

[
1√
𝑡 𝑒𝑡

]
(𝑠) = L

[
𝑒−𝑡 1√

𝑡

]
(𝑠) =

√
𝜋

𝑠+ 1
3

(1) L −1

[
1

2𝑠+ 1

]
(𝑡) = L −1

⎡⎣ 1

2
⋅ 1

𝑠+
1

2

⎤⎦(𝑡) = 1

2
𝑒−

1
2 𝑡

(2) L −1

[
1

(2𝑠− 3)2

]
(𝑡) = L −1

⎡⎢⎣ 1

4
⋅ 1(

𝑠− 3

2

)2

⎤⎥⎦(𝑡) = 1

4
𝑡𝑒

3
2 𝑡

(3) L −1

[
1

𝑠2 + 3

]
(𝑡) = L −1

[
1√
3

⋅
√

3

𝑠2 + 3

]
(𝑡) =

1√
3

sin
√

3 𝑡

(4) L −1

[
𝑠2 − 3

(𝑠2 + 3)2

]
(𝑡) = L −1

[
−
(

𝑠

𝑠2 + 3

)′ ]
(𝑡) = 𝑡 cos

√
3 𝑡

(5) L −1

[
𝑠

𝑠2 − 6𝑠+ 12

]
(𝑡) = L −1

[
𝑠− 3 + 3

(𝑠− 3)2 + 3

]
(𝑡) = L −1

[
𝑠− 3

(𝑠− 3)2 + 3
+
√

3 ⋅
√

3

(𝑠− 3)2 + 3

]
(𝑡)

= 𝑒3𝑡
(
cos

√
3 𝑡+

√
3 sin

√
3 𝑡

)
(6) L −1

[
𝑒−3𝑠

𝑠

]
(𝑡) = 𝐻(𝑡− 3) (7) L −1

[
1− 𝑠

𝑠

]
(𝑡) = L −1

[
1

𝑠
− 1

]
(𝑡) = 1− 𝛿(𝑡)

(8) L −1

[√
𝜋

𝑠

]
(𝑡) =

1√
𝑡
より，L −1

[√
𝜋

𝑠− 1

]
(𝑡) =

𝑒𝑡√
𝑡

4

(1)

∫ ∞

0

𝑒−𝑡 sin2 𝑡 𝑑𝑡 = L
[
sin2 𝑡

]
(1) = L

[
1− cos 2𝑡

2

]
(1) =

1

2

(
1

𝑠
− 𝑠

𝑠2 + 4

)∣∣∣∣
𝑠=1

=
1

2

(
1− 1

5

)
=

2

5
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(2) L
[√

𝑡
]
(𝑠) =

√
𝜋

2
√

𝑠3
より∫ ∞

0

𝑒−𝜋𝑡
√

𝑡 𝑑𝑡 = L
[√

𝑡
]
(𝜋) =

√
𝜋

2
√

𝑠3

∣∣∣∣
𝑠=𝜋

=

√
𝜋

2
√

𝜋3
=

1

2𝜋

5

(1) L
[
𝑡2 ∗ cos 𝑡](𝑠) = L

[
𝑡2
]
(𝑠) ⋅ L [

cos 𝑡
]
(𝑠) =

2

𝑠3
⋅ 𝑠

𝑠2 + 1
= 2 ⋅ 1

𝑠2
⋅ 1

𝑠2 + 1
= 2L

[
𝑡
]
(𝑠) ⋅ L [

sin 𝑡
]
(𝑠)

= 2L
[
𝑡 ∗ sin 𝑡](𝑠)

(2) L
[
𝑡𝑟 ∗ cos 𝑡](𝑠) = L

[
𝑡𝑟
]
(𝑠) ⋅ L [

cos 𝑡
]
(𝑠) =

𝑟!

𝑠𝑟+1
⋅ 𝑠

𝑠2 + 1
= 𝑟 ⋅ (𝑟 − 1)!

𝑠𝑟
⋅ 1

𝑠2 + 1
= 𝑟L

[
𝑡𝑟−1

]
(𝑠) ⋅ L [

sin 𝑡
]
(𝑠) = 𝑟L

[
𝑡𝑟−1 ∗ sin 𝑡](𝑠)

6

(1) 初期条件 𝑥(0) = 0，𝑥′(0) =
5

4
の下で 4𝑥′′ − 𝑥 = − sin

𝑡

2
をラプラス変換すると

4

(
𝑠2𝑋 − 5

4

)
−𝑋 = −

1

2

𝑠2 +
1

4

∴ (4𝑠2 − 1)𝑋 = 5− 2

4𝑠2 + 1
=

20𝑠2 + 3

4𝑠2 + 1

∴ 𝑋 =
20𝑠2 + 3

(2𝑠− 1)(2𝑠+ 1)(4𝑠2 + 1)
=

2

2𝑠− 1
− 2

2𝑠+ 1
+

1

4𝑠2 + 1

=
1

𝑠− 1

2

− 1

𝑠+
1

2

+
1

2
⋅

1

2

𝑠2 +
1

4

両辺の逆ラプラス変換を考えると，𝑥 = 𝑒
𝑡
2 − 𝑒−

𝑡
2 +

1

2
sin

𝑡

2

(2) 初期条件 𝑥(0) = 1，𝑥′(0) = −1の下で 2𝑥′′ + 𝑥′ − 𝑥 = 9𝑒−𝑡 をラプラス変換すると

2(𝑠2𝑋 − 𝑠+ 1) + 𝑠𝑋 − 1−𝑋 =
9

𝑠+ 1
∴ (2𝑠2 + 𝑠− 1)𝑋 = 2𝑠− 1 +

9

𝑠+ 1
=

2𝑠2 + 𝑠+ 8

𝑠+ 1

∴ 𝑋 =
2𝑠2 + 𝑠+ 8

(2𝑠− 1)(𝑠+ 1)2
=

4

2𝑠− 1
− 1

𝑠+ 1
− 3

(𝑠+ 1)2
=

2

𝑠− 1

2

− 1

𝑠+ 1
− 3

(𝑠+ 1)2

両辺の逆ラプラス変換を考えると，𝑥 = 2𝑒
𝑡
2 − 𝑒−𝑡 − 3𝑡𝑒−𝑡

(3) 初期条件 𝑥(0) = 1，𝑥′(0) =
1

2
の下で 4𝑥′′ + 4𝑥′ − 3𝑥 = 18− 9𝑡をラプラス変換すると

4

(
𝑠2𝑋 − 𝑠− 1

2

)
+ 4(𝑠𝑋 − 1)− 3𝑋 =

18

𝑠
− 9

𝑠2

∴ (4𝑠2 + 4𝑠− 3)𝑋 = 4𝑠+ 6 +
18𝑠− 9

𝑠2
= 2(2𝑠+ 3) +

9(2𝑠− 1)

𝑠2

∴ 𝑋 =
2

2𝑠− 1
+

4

2𝑠+ 3
+

3

𝑠2
− 2

𝑠
=

1

𝑠− 1

2

+
2

𝑠+
3

2

+
3

𝑠2
− 2

𝑠

両辺の逆ラプラス変換を考えると，𝑥 = 𝑒
𝑡
2 + 2𝑒−

3
2 𝑡 + 3𝑡− 2

7

(1) 𝛼 = 𝑥′(0)とおき，境界条件 𝑥(0) = 1の下で 4𝑥′′ + 12𝑥′ + 9𝑥 = 9をラプラス変換すると

4(𝑠2𝑋 − 𝑠− 𝛼) + 12(𝑠𝑋 − 1) + 9𝑋 =
9

𝑠

∴ (4𝑠2 + 12𝑠+ 9)𝑋 = 4𝑠+ 4𝛼+ 12 +
9

𝑠
=

4𝑠2 + (4𝛼+ 12)𝑠+ 9

𝑠

∴ 𝑋 =
4𝑠2 + (4𝛼+ 12)𝑠+ 9

𝑠(2𝑠+ 3)2
=

1

𝑠
+

4𝛼

(2𝑠+ 3)2
=

1

𝑠
+

𝛼(
𝑠+

3

2

)2

両辺の逆ラプラス変換を考えると，𝑥 = 1+ 𝛼𝑡𝑒−
3
2 𝑡 ∴ 𝑥′ = 𝛼𝑒−

3
2 𝑡 − 3

2
𝛼𝑡𝑒−

3
2 𝑡 =

1

2
𝛼(2− 3𝑡)𝑒−

3
2 𝑡

境界条件 𝑥′(1) = 𝑒−2 より，𝑥′(1) = − 1

2
𝛼𝑒−

3
2 = 𝑒−2 ∴ 𝛼 = −2𝑒−

1
2 ∴ 𝑥 = 1− 2𝑡𝑒−

3𝑡+1
2
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(2) 𝛼 = 𝑥′(0)とおき，境界条件 𝑥(0) = 0の下で 𝑥′′ − 𝑥′ = 𝑡𝑒𝑡 をラプラス変換すると

𝑠2𝑋 − 𝛼− 𝑠𝑋 =
1

(𝑠− 1)2
∴ (𝑠2 − 𝑠)𝑋 = 𝛼+

1

(𝑠− 1)2
=

𝛼𝑠2 − 2𝛼𝑠+ 𝛼+ 1

(𝑠− 1)2

∴ 𝑋 =
𝛼𝑠2 − 2𝛼𝑠+ 𝛼+ 1

𝑠(𝑠− 1)3
= − 𝛼+ 1

𝑠
+

1

(𝑠− 1)3
− 1

(𝑠− 1)2
+

𝛼+ 1

𝑠− 1

両辺の逆ラプラス変換を考えると，𝑥 = −(𝛼+1)+
1

2
𝑡2𝑒𝑡−𝑡𝑒𝑡+(𝛼+1)𝑒𝑡 = −(𝛼+1)+

(
1

2
𝑡2 − 𝑡+ 𝛼+ 1

)
𝑒𝑡

∴ 𝑥′ = (𝑡− 1)𝑒𝑡 +

(
1

2
𝑡2 − 𝑡+ 𝛼+ 1

)
𝑒𝑡 =

(
1

2
𝑡2 + 𝛼

)
𝑒𝑡

境界条件 𝑥′(1) = 𝑒より，𝑥′(1) =
(

1

2
+ 𝛼

)
𝑒 = 𝑒 ∴ 𝛼 =

1

2
∴ 𝑥 = − 3

2
+

1

2

(
𝑡2 − 2𝑡+ 3

)
𝑒𝑡

(3) 𝛼 = 𝑥′(0)とおき，境界条件 𝑥(0) = 1の下で 2𝑥′′ − 𝑥′ =
√

𝑡 − 1√
𝑡
をラプラス変換すると

2(𝑠2𝑋 − 𝑠− 𝛼)− (𝑠𝑋 − 1) =
1

2

√
𝜋

𝑠3
−
√

𝜋

𝑠

∴ (2𝑠2 − 𝑠)𝑋 = 2𝑠− 1 + 2𝛼+

√
𝜋

2

(
1√
𝑠3

− 2√
𝑠

)
= 2𝑠− 1 + 2𝛼−

√
𝜋

2
⋅ 2𝑠− 1√

𝑠3

∴ 𝑋 =
1

𝑠
− 2𝛼

𝑠(2𝑠− 1)
−

√
𝜋

2
⋅ 1√

𝑠3
=

1

𝑠
− 2𝛼

𝑠
+

4𝛼

2𝑠− 1
− 1

2

√
𝜋

𝑠3

=
1− 2𝛼

𝑠
+

2𝛼

𝑠− 1

2

− 1

2

√
𝜋

𝑠3

両辺の逆ラプラス変換を考えると，𝑥 = 1− 2𝛼+ 2𝛼𝑒
1
2 𝑡 −√

𝑡 ∴ 𝑥′ = 𝛼𝑒
1
2 𝑡 − 1

2
√

𝑡

境界条件 𝑥′(1) =
√

𝑒 − 1

2
より，𝑥′(1) = 𝛼𝑒

1
2 − 1

2
=

√
𝑒 − 1

2
∴ 𝛼 =

1

2
∴ 𝑥 = 𝑒

1
2 𝑡 −√

𝑡

8

(1) 𝑓1(𝑡) =
𝑒𝑡

1!

𝑑

𝑑𝑡

(
𝑡𝑒−𝑡

)
= 𝑒𝑡

(
𝑒−𝑡 − 𝑡𝑒−𝑡

)
= 1− 𝑡

𝑓2(𝑡) =
𝑒𝑡

2!

𝑑2

𝑑𝑡2
(
𝑡2𝑒−𝑡

)
=

𝑒𝑡

2

𝑑

𝑑𝑡

(
2𝑡𝑒−𝑡−𝑡2𝑒−𝑡

)
=

𝑒𝑡

2

𝑑

𝑑𝑡

{(
2𝑡−𝑡2

)
𝑒−𝑡

}
=

𝑒𝑡

2

{
(2−2𝑡)𝑒−𝑡−(

2𝑡−𝑡2
)
𝑒−𝑡

}
=

𝑒𝑡

2

(
2− 4𝑡+ 𝑡2

)
𝑒−𝑡 =

1

2

(
2− 4𝑡+ 𝑡2

)
∴ 𝑓1(𝑡)𝑓2(𝑡) = (1− 𝑡) ⋅ 1

2

(
2− 4𝑡+ 𝑡2

)
=

1

2

(
2− 6𝑡+ 5𝑡2 − 𝑡3

)
∴ L

[
𝑓1(𝑡)𝑓2(𝑡)

]
(𝑠) =

1

2

(
2

𝑠
− 6

𝑠2
+

10

𝑠3
− 6

𝑠4

)
=

1

𝑠
− 3

𝑠2
+

5

𝑠3
− 3

𝑠4

∴ L
[
𝑓1(𝑡)𝑓2(𝑡)

]
(1) = 1− 3 + 5− 3 = 0

(2) 𝑓𝑛(𝑡) =
𝑒𝑡

𝑛!

𝑑𝑛

𝑑𝑡𝑛
(𝑡𝑛𝑒−𝑡) =

𝑒𝑡

𝑛!

𝑛∑
𝑟=0

𝑛C𝑟

(
𝑡𝑛
)(𝑟)(

𝑒−𝑡
)(𝑛−𝑟)

=
𝑒𝑡

𝑛!

{
𝑛C0

(
𝑡𝑛
)(0)(

𝑒−𝑡
)(𝑛)

+

𝑛∑
𝑟=1

𝑛C𝑟

(
𝑡𝑛
)(𝑟)(

𝑒−𝑡
)(𝑛−𝑟)

}

=
𝑒𝑡

𝑛!

{
𝑛C0𝑡

𝑛(−1)𝑛𝑒−𝑡 +
𝑛∑

𝑟=1

𝑛C𝑟𝑛(𝑛− 1) ⋅ ⋅ ⋅ (𝑛− 𝑟 + 1)𝑡𝑛−𝑟(−1)𝑛−𝑟𝑒−𝑡

}

= 𝑛C0
1

𝑛!
𝑡𝑛(−1)𝑛 +

𝑛∑
𝑟=1

𝑛C𝑟
𝑛(𝑛− 1) ⋅ ⋅ ⋅ (𝑛− 𝑟 + 1)

𝑛!
𝑡𝑛−𝑟(−1)𝑛−𝑟

= 𝑛C0
(−1)𝑛−0

(𝑛− 0)!
𝑡𝑛−0 +

𝑛∑
𝑟=1

𝑛C𝑟
(−1)𝑛−𝑟

(𝑛− 𝑟)!
𝑡𝑛−𝑟 =

𝑛∑
𝑟=0

𝑛C𝑟
(−1)𝑛−𝑟

(𝑛− 𝑟)!
𝑡𝑛−𝑟
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(3)

∫ ∞

0

𝑒−𝑡𝑓𝑛(𝑡) 𝑑𝑡 =

∫ ∞

0

𝑒−𝑡
𝑛∑

𝑟=0

𝑛C𝑟
(−1)𝑛−𝑟

(𝑛− 𝑟)!
𝑡𝑛−𝑟 𝑑𝑡 =

𝑛∑
𝑟=0

𝑛C𝑟
(−1)𝑛−𝑟

(𝑛− 𝑟)!

∫ ∞

0

𝑒−𝑡𝑡𝑛−𝑟 𝑑𝑡

=

𝑛∑
𝑟=0

𝑛C𝑟
(−1)𝑛−𝑟

(𝑛− 𝑟)!
L

[
𝑡𝑛−𝑟

]
(1) =

𝑛∑
𝑟=0

{
𝑛C𝑟

(−1)𝑛−𝑟

(𝑛− 𝑟)!
⋅ (𝑛− 𝑟)!

𝑠𝑛−𝑟+1

∣∣∣∣
𝑠=1

}
=

𝑛∑
𝑟=0

{
𝑛C𝑟

(−1)𝑛−𝑟

1𝑛−𝑟+1

}
=

𝑛∑
𝑟=0

𝑛C𝑟(−1)𝑛−𝑟=
𝑛∑

𝑟=0

𝑛C𝑟1
𝑟(−1)𝑛−𝑟 =

(
1 + (−1)

)𝑛
= 0

9

(1) 𝑋 = L
[
𝑥
]
(𝑠)とする。𝑥(𝑡) =

3

2

∫ 𝑡

0

𝑥(𝑢) sin 2(𝑡− 𝑢) 𝑑𝑢+ 𝑡 =
3

2
𝑥(𝑡) ∗ sin 2𝑡+ 𝑡と変形し，両辺をラ

プラス変換すると，𝑋 =
3

2
L

[
𝑥(𝑡) ∗ sin 2𝑡](𝑠) + 1

𝑠2
=

3

2
𝑋 ⋅ 2

𝑠2 + 4
+

1

𝑠2
=

3

𝑠2 + 4
𝑋 +

1

𝑠2

∴
(
1− 3

𝑠2 + 4

)
𝑋 =

1

𝑠2
∴ 𝑋 =

𝑠2 + 4

𝑠2(𝑠2 + 1)
=

4

𝑠2
− 3

𝑠2 + 1
∴ 𝑥 = 4𝑡− 3 sin 𝑡

(2)

∫ 𝑡

0

𝑥(𝑢) sin 2(𝑡− 𝑢) 𝑑𝑢 =
2

3

{
𝑥(𝑡)− 𝑡

}
=

2

3

{
(4𝑡− 3 sin 𝑡)− 𝑡

}
= 2(𝑡− sin 𝑡)だから∫ 2𝜋

𝜋

𝑥(𝑢) sin 2𝑢 𝑑𝑢 =

∫ 2𝜋

0

𝑥(𝑢) sin 2𝑢 𝑑𝑢−
∫ 𝜋

0

𝑥(𝑢) sin 2𝑢 𝑑𝑢

= −
∫ 2𝜋

0

𝑥(𝑢) sin(−2𝑢) 𝑑𝑢+

∫ 𝜋

0

𝑥(𝑢) sin(−2𝑢) 𝑑𝑢

= −
∫ 2𝜋

0

𝑥(𝑢) sin(4𝜋 − 2𝑢) 𝑑𝑢+

∫ 𝜋

0

𝑥(𝑢) sin(2𝜋 − 2𝑢) 𝑑𝑢

= −
∫ 2𝜋

0

𝑥(𝑢) sin 2(2𝜋 − 𝑢) 𝑑𝑢+

∫ 𝜋

0

𝑥(𝑢) sin 2(𝜋 − 𝑢) 𝑑𝑢

= −2(2𝜋 − sin 2𝜋) + 2(𝜋 − sin𝜋)

= −2𝜋
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