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(1) fi=2xy-y% f,=x*-2xy+2% f, =2y KV
vi=(2xy —y?, x*—2xy +2°, 2yz), P COAEUL pf=(1, 3, 4)
(2) f,=6xy, f, =3x*+2yz% f, =3y’z*> XV
pi=(6xy, 3x* +2yz°, 3z°y*), P COAEIL pf=(6, 9, 12)
35
1 fo=y f,=x f,=-1 Xv AR pf=(y, x, —-1)
2) (x, y, 2)=(L 2, 1) OExpf=(2, 1, -1)T, TOKXX
| pf| =22 +12+12 =46 kY n:i—l(z, 1, -1)
J6
(3) 20XV (2, 1, —1) [ ZFHEHDERZ T, HAP(L, 2, 1) Z@5HZ &5 HIZ
2(x-D+1(y-2)-1(z-1)=0 HSFYH 2x+y-z=3
36

1) pf=(2xy —y% ¥ —2xy+2% 2yz) &9 P(L 1 1) TOARIE pf=(L 0, 2) THY,
e, €, & HMOFMMNREIL, Fintih
(Pf)-e,=(14 0, 2)-(1, 0, 0)=1
(pf)-e,=(1, 0, 2)-(0, 1, 0)=0
(pf)-e;=(1 0, 2)-(0, 0, 1)=2

(2) (DEREERIZLT
(pf)-e=(1 0, 2)%(2, 1 -2)
_1. ) -_2
—3( 2+0-4) 3
37 @(f)=12 KoT
V[%ngo’(f)(?f)z—Zf3'(2xy—y2, X2 —2xy + 22, 2yz) (p.145)

= 2(2xy —y?, xP-2xy + 2%, 2yz)
(xzy—xy2+yzz)3
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P(fg)=(1 1, -1 (xy-2)+(x+y-2)(y, x, -1) (p14[2]3)
=(xy—2, Xy—2, —x+z2)+(xy+y>—yz, X2 +xy—-Xt, —X—-y+12)
=(2xy+y —yz—2z, X’ +2xy-x2—2, —Xy —X—Y+2z)
f 1
V[EJ:(WT)Z{(L L -D(xy-2)-(x+y-2(y, x, —1} (p14[2]4)
1

=(Xy—z)2(—y2+yz—z, XX -2, X=Xy +Y)

V-f=4x2-x-2yz+3y-2z £V PTiL P-f=4-2+6=8

P-f=2xy+0+2y IV PTIX F-f=4+4=8

Vipft)=We) - f+o (¥ )
=L L, DX+ v+ 22+ X))+ (x+y+2z)(2x+2y+22)
=X Y Y A+ X+ 2(XP YR 2%+ 2%y + 2yZ + 22X)

=A4(x* +y? + 2% + Xy + Y2 + 2X)

of =(XC +xy? + X2y + y* + 2x* + vz,
xy? +x2® +y vy’ +yz+ 23
2?2 + X3+ y2? + X2y + 2° + x%z)
)
V-(pf)=3x" +y> +2xy + 2xz
+2xy +3y° + 2% +2yz
+2x2 + 2yz + 32% + X?

=4(X* + Yy + 2 + Xy + yZ + 2X)
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€ €, &
w |2 % % =(0-y?% —(z2°-0), 0-x*)=(-y% —-7% —x%)

X’y y?z  z7°x

<

0 (x y, 2)=(1 2, 1) T pxf=(-4 -1 -1)

e1 e2 e3
o o 0 .
(2) x o =(=-2yz, —2xz, —2xy) &£V (x, y, z2)=(1, 2, 1) TIX

2 2 2

xy? yz? o ax

Fxf=(-4 -2 -4)
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(1) og DlElE p.15 3 kv
Fx(pg)=Fo)xg+o (Fxg)

e, €, ¢€ € €& &
Ly 2 x|eell &0
?\x oy

yo X xy yZ X Xy

=(zxy —2x%, —(xy® —xyz), yzx—yz?)
+(xy+yz+2x) (X=X, —y+y, z—-2)
= (yz — ¢, xyz —xy%, xyz —yz*)

2 f+g Ol p15[7]1 X
Px(f+g)=rxf+rxg

€ € €

|9 9o 9o

"X o +0 (M&wv )
Xz yx o zy

=(z-0, =(0=x), y=0)=(z, X, y)
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(1) dt—|r(t)|— 1?+22+12 =46 LV

1
JF(ny,w$=Ju2uﬁpwwﬁm
C 0

" 1
:J4«/§t2dt:4\/g{%t3} =%\/€
0

0

g C O FE X%

Jlds—J—dt—\/gJ:dtzx/E

(2) %:H’(t)lz\/(—sint)2+coszt+\/§2=2 Agy)]

1
jf(x, Y, z)ds=j(cost+sint+\/§t)-2dt
C 0

V3 ZT

= 2{5int—cost+—t
2

= 2{(1+@7rzj—(—1)}:4+\/§7r2

R OE S

fioe[ o] [ o

(3) %=| r’(t)|=\/(6t2 )2+ (6)% + 32 = /361" +36t2 +9

=3Vat* + 4t +1 =3(2t2 +1) kv

Jf(x Y, z)ds—nyz—dt_J t3-3t% - 3t-3(2t% +1)dt
(o} 0

1 1
:54J2t8+t6dt:54 2 ly| o5g. 189
0 9 7 . I9x7

—77, R CORSIZ

1
jlds_J —dt—J|r’(t)|dt
0
_Js(m?m)m=3[3ﬁ+t}= (3+1)=5
0 3 0 3



4 L ojr]= (20 Q-+ (1)

= Va2 112t +t* 14 2t% 4t

V2t 4212 =J2(2 1) LV

1 1 3 3
jf(x, Y, z)ds:J (x+y+z)$dt:J(t2+t—t—+t+t—)\/§(t2+1)dt
. . dt . 3 3

1 1
:JJ&R+3MF+D¢:J§JQM&§+H+th
0 0

1
N RERCINE SN SURT _ 62
5 4 3 .30

i C OE XX

ld 1 1 1 4
Jlds=J—Sdt:J\/2(t2+1)dt=\/2{—t3+t} NG
. Jdt . 3 3

0
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(1) dhifpCc oESIX
f=03-t% t3 t-t3), r'(t)=(1 3t% 2t) XV

1
Jf-dr:j for(t)dt
c 0

1
:J(P+m4+mﬂdt
0

1
I Nl
2 5 10

(2) f =(2cost, 2sint, t?), r’'(t)=(-2sint, 2cost, 1) XY

rl
jf-drz for(t)dt
C JO
rer
=| (—4sin®t+4cos’t+t?)dt
J O
ror 2 2z
= (4c052t+t2)dt:{25in2t+t—} _8
J, 3], 3

(3) f =(cost, —sint, 1), r'(t)=(-sint, cost, 2) £

j f-dr =J (—costsint —sintcost + 2)dt
C 0

V.4

=J (—sin2t+2)dt ={%0032t+2t}
0

= £+27r —l=27r
2 2

0



@) f=0" t—-t2=t* t2-t), r'(t)=(1 2t 2t+4t3) kv

1
j f-dr :j {t*+2t(t =t —t*)+ 2t (2 —t)+ 43 (t2 —t) } dt
C 0

1 1
:J(t4—2t5+4t5—4t4)dt:J(2t5—3t4)dt
0 0
1
- i_its _-4
3 5 | 15

(1) mEfEs %

JJ f(x, v, z)|ruer|dudv:jJ (xy+2)-](4, 0, =1)x(0, 1, —1)|dudv

=JJ (W+2-u-v)x+v12 +12 +1% dudv @
D

u=2 v=2-U
=J \/§J (u-1)v+2-u dvdu
u=0 v=0

v=2-u

:J_ﬁ{(u—l)'§+(2—u)v} du

v=0

2
=\/§J {(u—l)%+(—u+2)z} du
0

=\/§J (u—2)2(u_1+1j du

2
zgj (uU-22(u+1)du (t=u-2&£8<)
0

0 0
=£J t2(t+3)dt _B luiel| 2203
2 ), 2 | 4 .

I =S

J 1dS:jJ |r, xr, | dudv
S D
u=2 pev=2-u
=J V3 dvdu
u=0+ v=0
2

=J§J_(2—u)du=\/§{2u—u7} _ 23
u=0 0

(GE) i Sz = (X, y)DOFARDOTPIS ® ZHANTIV, (—46(1)7¢%)



(2) RS

JJ f(x, vy, z)|ruxrv|dudv:JJ (U*+2v+2-2u-2v-1)x|(L, 0, —2)x(0, L, —2)|dudv
D D

u=1 v=1-u

=3J J (u-1)*dvdu )
u=0 v=0
1

=3j (u-1)*(1-u) du

1

1 4 3
——3|:_4(u—1):| = —

J 1dS:JJ |r, xr, | dudv
S D

u=l pv=1-u
= J 3dvdu

0J v=0

1 1
=3J1—udu=3[u—iu2} 3
; 2 |, 2

(B) #iE S 2 z=9(x, y) OFARDOTPIS ® ZHNTHNTI, (—46 (2) FfiF)

JJ f(x, vy, z)|ru><rv|dudv:JJ 2cosu-2sinu-v-|(=2sinu, 2cosu, 0)x(0, 0, 1)|dudv
D D

Vv

.
= J 2vsin2u | (2cosu, 2sinu, 0)|dudv 5
D

z U "

ruU= v=2
= ZJ 2vsin 2u - 2du dv

J u=0 v=0
Au=Z v=2
2 ) 2
= 2sin2u { Vv } du
J u=0 v=0

z
2

=8{_—10052u} =8
2

0

=S

J 1dS=JJ |r, xr,|dudv
S D
u:% v=2
= j J 2 du dv
u=0 v=0
u==% v=2
2

:J 2{ v} du =27
u=0 v=0



(4) R
jj f(x, vy, Z)Iruxrv|dudv=JJ ucosv-usinv-u
D D

.| Ccosv, sinv, 1)x(-usinv, ucosv, 0)|dudv

= jj u® -%sin 2v-v2u? dudv
D

u=1 =2 —
2
:j J —2u4sin2vdudv
u=0 J v=0 2

~ u=1 \/E u4 |: 1 :|v_2

= —_— — —C0S 2v du
u=0 2 2 v=0
_ﬁ{gus}l _V2
2|5 10
0
[aIFE L
u=2 v:%
J 1dS=jJ |ru><rV|dudv=J v2u? dudv
S D u=0 v=0
u=2 % u=2
= \/Eu[v} du:\/5~lj udu
u=0 0 2 u=0
2
— _}zéizz_ . ;l_ u 2 — \/EZ7T
2 2 o
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(1) dhi SOFERD z=p(x, y)=2-x-y 2OTp15 ® XLV
HAET I

Jj f(x v, 2)o +9°+1 dxdy
D

=” (xy +2-x—y)x/(=1)? +(=1)? +1 dxdy
D

(ZDH L3 45(1) @ LIk L < A CFHRE)

x=2 y=2-X
:J \/EJ {(x=1)y+2-x}dydx = 2,3
x=0 y=0

HEIE p15 ® LV

2-x
Jj 1-Jo’ +9, +1 dxdyzj J3 dxdy = 243
D

x=0 < y=0

X=2 py=

(b 45(1) &R CRHEIZ L B)

IR




Bt S O HFRXD z=9(X, y)=2-2Xx-2yDF7eOTpls ® LD
ES

[iap ot
JJ f(x v, 2)o +9°+1 dxdy
D

=jj (X2 42y +2-2x—2y —1)x,(—=2)2 + (= 2)? +1 dxdy
D

x=1 y=1-x 3
=3j J (x—1)*dxdy = >
x=0 y=0 4

TR

H 1o+, +1 dxdy=” J(=2)2 +(=2)? +1 dxdy
D D
x=1 py=1-x
=J J 3dxdy:i
x=0 ¢ y=0 2

(Znd 452) LR CEHEIZ KL 2)

(45(2) @ LRILCHEIZE D)
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J (3x, 2y, z)-(r,xr,)dudv
D

=JJ (3u, 2v, 1-u—-v)-{(1, 0, —=1)x(0, 1, —1)}dudv

((, 0, -Dx(0, 1, -D=(1, 1, 1))

u=l pv=l-u
=jj (3u+2v+1—u—v)dudv=j J (2u+v+1) dudv
D u=0 < v=0

:j_ {lvz +(2u+l)v}v_u du :Hlu_w +<zu+1><1_u>}du
u=0 2 v=0 0 2

—J (1-u®+(4u+2)(1-u)}d —j(l u) (3u+3)du

2w o-30]

=1
0
(2) (3x, 2y, z)-(r,xr,)dudv
J J D
cr
(3cosu, 2sinu, v)-{(=sinu, cosu, 0)x(0, 0, 1)}dudv

JJD

ror

(3cosu, 2sinu, v)-(cosu, sinu, 0)dudv
JJD
Cr

(3coszu+25in2u)dudv=J (cos®u +2)dudv
J J D D

| (1+c052u
D

u:% v=1 5 l
+2)dudv= (—+—cos2ujdvdu
2 u=0 v=0 2 2
5 1 v 5 1 7
= [— —osZu) Vv du:[—u+—sin2u}
JoL2 2 o 2 4

0

N\N

=—r
4



(3) jj (3x, 2y, z)-(r,xr,)dudv

(r, =(cosu, sinv, 1), r, =(—usinv, ucosv, 0) XV r,xr, =(—ucosv, —usinv, u))

.
= J(Sucosv, 2usinv, u)-(—ucosv, —usinv, u) dudv
D
.
= J (- 3u?cos?v—2u?sin?v+u?)dudv
D
T

2

J u=0 v=0 u=0

ru=1 v:% u=1
= —uzj (MJrljdvdu:J —u2[§v+£sin2u}
J u=0 v=0 2 u=0 2 4

v=0

(4) jj (3x, 2y, z)-(r,xr,)dudv
D
(r, =(cosv, sinv, 2u), r, =(—usinv, ucosv, 0))

.
= J(Sucosv, 2usinv, u?)-(-=2u®cosv, —2u®sinv, u) dudv
D

.
= J (—6u®cos?v—4u®sin?v+u®)dudv
D

M‘Q

ru=1 V=
= u3J (—6c0s?v—4sin?v+1)dvdu

J u=0 v=0

@ [R5 1] p.126, p.129

cos”xdx:jzsin”xdx (n>0)
JO 0
n-1 n-3 1 w
. - —_— — n’
™ n_g % 2( 1B%0)
n-1 n- w
. =1 (n; &
T 3 (n; #7%%0)
1
=Ju3(_e.l.£—4 1 £+£jdu:_£
. 2 2 2 2 2 2

ru=1 v=" u=1 V="-
= —uzj 2(30052v+25in2v—1)dvdu=J —UZJ (cos?v +1)dvdu

v="L
2

v=0
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(1)

p=1-x-y £V ¢ =-1 ¢,=-1 72DOTple & ZH T

J (3%, 2y, 1-x-y)-(1, 1, 1) dxdy
D

J

~ x=1 py=1-X
= J(3x+2y+1—x—y)dxdy:J J {y+(2x+1)} dydx
D x=0 ¢ y=0

rx=1 1 y=1-x 1 1
= [—y2+(2x+1)yJ dx:J {E(l—x)2+(2x+l)(l—x)}dx
x=0

J x= 2 y=0 0

1 1
ij {(1—x)2+(4x+2)(1—x)}dx:lj (1—x) (3x +3) dx
2 0 2 0
EJ (l—xz)dx=§{x—ix3} =1
2 J, 2 37,

p=xX"+y" £V ¢ =2 ¢,=2y ROTPpI3 & ZHNT

J (3%, 2y, x*+y*)-(-2x, —2y, 1) dxdy
D

J

n x=1 ,y=vVi-x?
= J (—6x2—4y2+x2+y2)dxdy:j J (—5x? —3y?) dy dx
D x=0 ¢ y=0

J x=0 y=0 x=0

rl
= | (=1-4x*)y1—x? dx
0

X =sint & LT dx =costdt

x| 0—>1
, ZZT cost=0
y| 0>%

Jz(—l—4sinzt)cost~costdt =J2(—1—4sin2t) (1-sin®t)dt

0 0

3
=J (—l+sin’t—4sin’t+4sin‘t)dt=-2-3.2.%2,.4.3.1. 7
. 2 22 2
T

2

~x=1 y=v1-x x=1
= { —5xzy—y3} dx:J {—SXZ VI-x* —(1-x* W1-x° }dx

(47 4) @)



A5 T — Y DIy
Cyldr=r(t)=(2t, 2t, 0) (0=t=1)
C,lxr=r(t)=(0, 0, 3) (0=t=1)

LEEHDT %:ﬂ'un:uz, 2 0)|=242 kY

1 1
J(x+y+22)ds:J(2t+2t)£dt=2\/§ 27 | =42 e
c 0 dt o
3
1

1
J (x+y+22)ds:J (0+0+6t)%dt:2\/§{ StZ} N
Cy 0

0

@, @ &b Jf(x, y, z)ds =102
C

~_7 NGO S

[ dr
(y, 2 xy)-dr (E_Q, 2 o)j

J C3

rl

1 1
= | (2t, 0, 4t%)-(2, 2, mszﬁunz{mz}zz ------

J 0O 0 0
[ dr
(y, z, xy)-dr @—zm,asﬁ
./C4 dt
rl
=1¢(0, 3 0)-(0, 0, 3)d=0
JO

®, @ &b Jf(x, y, z)-dr =2
C



50 p.16 A & L [EEE
y=0(x, z)=+41-x* LB &

r=(x, o(x, z), z), r,=(0, @, 1), r,=(1, @, 0) 72DOT
I’zxrx:(_gpx’ l’ _gpz)&iﬁb

J f-dS
s

:Jj (3x, 2y, z)~(rz><rx)dzdx:JJ (3x, 2y, 2)-(—¢,, 1, —¢,) dzdx
D D

:_—X, p,=0)
1-x°

z=1 x=1 2
X X°+2
3X +241- X2 dxdz_J J dx dz
Jz JXO{ [ 1 X J } 7=0 ><:0\/1—X2

x=sint £3< & dx =costdt

(ZZTo,

x| 0—>1
, ZZ T ©cost=0
0->%

2 1
0 J 1o ~ cost o\ 2 2 2 4

(FER 47 (4) @ KLV) (E) PLEIZ472)0RETH 5,



51 p.16 gy

.
J (3x, 2y, z)-(r,xr,)dudv
J

D
~ 1, =(=sinucosv, cosucosv, 0),

r, =(—cosusinv, —sinusinv, cosv),

L r,xr, =(cosucos®v, sinucos®v, sin®ucosvsinv + cos®ucosvsinv)

=JJ (3cosucosv, 2sinucosv, sinv)- (cosucos?v, sinucos®v, cosvsinv) dudv
D

= JJ (3cos?ucos® v+ 2sin?ucos® v+ cosvsin? v) du dv
D

-
2 3 ! 2 2
cosicoydudv= c o8
D u=0
T

v=> v:%%
J c o’yav du:J cozm-%~ldu:£~i-%:£

v=0 v=0

v
u
- 2 -
stﬁnuc o3vdudv=J s i’m
D u=0

-

j ’ colvdv bdu =2
6

v=0
(@ LIAkk FRfE47 4) Q2 WD)

fjj cos vsin? v du dv (Sin2V=l—COSZV)
D

A 4
2 2 3
J J (cosv —cos®v)dvdu
u=0 v=0
T

J ’ (1—3.1jdu (GEfiR 47 (4) ©)
L L3

u=|

@, @ ® Xv&ix 3x%+2x%+%:;¢



1
52 X +y'+z2=1 kW z=9(x 2)={1-x—y? =(1-x*—y?)? LB L

p.16 & ZA

1 2 2\g 2 2 1 -y
PR YCTPCHYD S SYCTRNCINV.D Y S A
2 ll_xz_yz y ll_xz_yz

D51 LRI, xX*+y? 51-0 DILFERDY T

(3%, 2y, J1-x*—-y? )-{ X y , 1|dxdy
D

1= —y? e -y

~

JJ

(( 2 2
= M.,. 1—x? _y2 dx dy
i /1_X2_y2

JJ

([ 2x2+y?+1 X = rcos 6
= ———2 " dxdy )

JJs /1_X2_y2 y=rsiné

rdrdd (r —1-0DJEFEFES)

"H_ZJH 2r2 cos? @+ r?sin? 6 +1
r=0 \/1— rz
(THhs A ) p.137 A

J 0=0

0=" rr=1 , 2 2
:J ZJ reecos“@+r°+1 rdrdo (t:l—rzkbf%=—2r)
0 r=

9= 0 \/1—r2
9="" At=0 . 2 _
:J ZJ (1-t)cos’0+2-t 1 .. (t—> +0DJEFE/Y)
6=0 t=1 \/? _2r
0== 1 3 1 a7
| 2L 27— 242 |eos?o 44tz — 242 | do
6=0 2 3 3
_ 1
:1J2(iw529+£Jde (BEAR 4T () © )
2), {3 3
_ifa iz 10 7
203 2 2 3 2

() PLEIZ 51 OBl TH 5,
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54

" t=4

(gradf)-drzj (Pf)-r(t)dt

JC t=a

~t=p

= | (f, f, f)-(x(t), y(t), z(t))dt
J t=a

rt=p

= fx(t)+ fy(t)+ f,z2(t) dt

J t=a

rp d
=daaf(x(t), y(t), z(t)) dt
(CHs R L] p.97 A RBEE O (1))

B

{ f(x(t), y(t), z(1))

o

fx(B), y(p), 2(p))-fx(a), yla), z(a))

M 44 (2)

f=Cy, x, 22)=(f, f, f,) LR2EITF(Xx vy, 2) BEDD, xEPMEALT, yZxT
THEf=xy+oly, 2). (p(y, 2)iTyLzDBK) L £E5,

EoT fy=x+g,(y, 2) EBDB Y FNCEALT ¢, (y, 2)=0 £25 ¢ (y, 2)iE

P (D)EPNTENDT f=x+¢ (2)

LERoT f, =¢(2) =21

S ¢<w:%f+c (CIHER) THo,

DR f=w+%f+c

ZIIZT t=0 ®LxE (x Yy, z)=(2, 0, 0) : #hA,
t=27r OLE (X, y, 2)=(2, 0, 27) : %A TH 5D,
53 X 0 BREE T DA

f:(z,o,zn%-ﬂz,o,o)=(0+%.&ﬁ](o%:%ES

RHRE 44 (3)

f=(x, -y, D=(f, f, f,) L2DL5Tf(x y, 2) 2&0 5,

XCER LT, f :%x2 +o(y, )

f,=0,(y, 2)=-y XV oy, z)=—%y2+y/(z) LEET f=%x2—%y2+y/(z)

LoT f,=y'(2)=1, y(z)=1z+c, f:%XZ—%YZHJrC

53 L 0 #FES OfEIE

f=(=1 0 27)-f(1 0O, O)Z(%-FZE)%:ZH

iy



