
新版微分積分 I演習 解答

1節 関数の極限
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(1) lim
𝑥→2

(
2𝑥2 − 3𝑥− 4

)
= 2 ⋅ 22 − 3 ⋅ 2− 4 = −2

(2) lim
𝑥→−1

(
𝑥3 − 2𝑥+ 2

)
= (−1)3 − 2 ⋅ (−1) + 2 = 3

(3) lim
𝑥→1

√
3𝑥− 1 =

√
3 ⋅ 1− 1 =

√
2

(4) lim
𝑥→−2

√
2− 𝑥 =

√
2− (−2) = 2
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(1) lim
𝑥→0

𝑥2 + 2𝑥

2𝑥
= lim

𝑥→0

𝑥(𝑥+ 2)

2𝑥
= lim

𝑥→0

𝑥+ 2

2
= 1

(2) lim
𝑥→3

𝑥2 − 9

𝑥− 3
= lim

𝑥→3

(𝑥+ 3)(𝑥− 3)

𝑥− 3
= lim

𝑥→3
(𝑥+ 3) = 6

(3) lim
𝑥→−2

𝑥2 − 𝑥− 6

𝑥+ 2
= lim

𝑥→−2

(𝑥+ 2)(𝑥− 3)

𝑥+ 2
= lim

𝑥→−2
(𝑥− 3) = −5

57

(1) lim
𝑥→1

𝑥2 + 𝑥− 2

𝑥2 − 𝑥
= lim

𝑥→1

(𝑥+ 2)(𝑥− 1)

𝑥(𝑥− 1)
= lim

𝑥→1

𝑥+ 2

𝑥
= 3

(2) lim
𝑥→−1

𝑥3 + 1

𝑥+ 1
= lim

𝑥→−1

(𝑥+ 1)
(
𝑥2 − 𝑥+ 1

)
𝑥+ 1

= lim
𝑥→−1

(𝑥2 − 𝑥+ 1) = 3

(3) lim
𝑥→2

𝑥3 − 3𝑥2 + 4

𝑥2 − 4𝑥+ 4
= lim

𝑥→2

(𝑥+ 1)(𝑥− 2)2

(𝑥− 2)2
= lim

𝑥→2
(𝑥+ 1) = 3
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(1) lim
𝑥→0

1

𝑥

(
1− 1

𝑥+ 1

)
= lim

𝑥→0

(
1

𝑥
⋅ 𝑥

𝑥+ 1

)
= lim

𝑥→0

1

𝑥+ 1
= 1

(2) lim
𝑥→0

1

𝑥

(
2 +

4

𝑥− 2

)
= lim

𝑥→0

(
1

𝑥
⋅ 2𝑥

𝑥− 2

)
= −1
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(1) lim
𝑥→2

√
𝑥− 1 − 1

𝑥− 2
= lim

𝑥→2

(√
𝑥− 1 − 1

)(√
𝑥− 1 + 1

)
(𝑥− 2)

(√
𝑥− 1 + 1

) = lim
𝑥→2

𝑥− 2

(𝑥− 2)
(√

𝑥− 1 + 1
) = lim

𝑥→2

1√
𝑥− 1 + 1

=
1

2

(2) lim
𝑥→−2

√
𝑥+ 11 − 3

𝑥+ 2
= lim

𝑥→−2

(√
𝑥+ 11 − 3

)(√
𝑥+ 11 + 3

)
(𝑥+ 2)

(√
𝑥+ 11 + 3

) = lim
𝑥→−2

𝑥+ 2

(𝑥+ 2)
(√

𝑥+ 11 + 3
)

= lim
𝑥→−2

1√
𝑥+ 11 + 3

=
1

6

(3) lim
𝑥→1

2
√

𝑥 −√
3𝑥+ 1

𝑥− 1
= lim

𝑥→1

(
2
√

𝑥 −√
3𝑥+ 1

)(
2
√

𝑥 +
√

3𝑥+ 1
)

(𝑥− 1)
(
2
√

𝑥 +
√

3𝑥+ 1
) = lim

𝑥→1

𝑥− 1

(𝑥− 1)
(
2
√

𝑥 +
√

3𝑥+ 1
)

= lim
𝑥→1

1

2
√

𝑥 +
√

3𝑥+ 1
=

1

4

(4) lim
𝑥→3

√
3𝑥 −√

2𝑥+ 3

𝑥− 3
= lim

𝑥→3

(√
3𝑥 −√

2𝑥+ 3
)(√

3𝑥 +
√

2𝑥+ 3
)

(𝑥− 3)
(√

3𝑥 +
√

2𝑥+ 3
) = lim

𝑥→3

𝑥− 3

(𝑥− 3)
(√

3𝑥 +
√

2𝑥+ 3
)

= lim
𝑥→3

1√
3𝑥 +

√
2𝑥+ 3

=
1

6
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(1) 与式が成り立つには lim
𝑥→1

(𝑥2 + 𝑎𝑥+ 𝑏) = 0 ∴ 1 + 𝑎+ 𝑏 = 0 ∴ 𝑏 = −𝑎− 1 … 1⃝

∴ lim
𝑥→1

𝑥2 + 𝑎𝑥+ 𝑏

𝑥− 1
= lim

𝑥→1

𝑥2 + 𝑎𝑥+ (−𝑎− 1)

𝑥− 1
= lim

𝑥→1

(𝑥− 1)(𝑥+ 𝑎+ 1)

𝑥− 1
= lim

𝑥→1
(𝑥+ 𝑎+ 1) = 4

∴ 𝑎+ 2 = 4 ∴ 𝑎 = 2 これを 1⃝ に代入して 𝑏 = −3

以上より 𝑎 = 2，𝑏 = −3



(2) 与式が成り立つには lim
𝑥→2

(𝑥2 + 𝑎𝑥+ 𝑏) = 0 ∴ 4 + 2𝑎+ 𝑏 = 0 ∴ 𝑏 = −2𝑎− 4 … 1⃝

∴ lim
𝑥→2

𝑥2 + 𝑎𝑥+ 𝑏

𝑥− 2
= lim

𝑥→2

𝑥2 + 𝑎𝑥+ (−2𝑎− 4)

𝑥− 2
= lim

𝑥→2

(𝑥− 2)(𝑥+ 𝑎+ 2)

𝑥− 2
= lim

𝑥→2
(𝑥+ 𝑎+ 2) = −1

∴ 𝑎+ 4 = −1 ∴ 𝑎 = −5 これを 1⃝ に代入して 𝑏 = 6

以上より 𝑎 = −5，𝑏 = 6

(3) 与式が成り立つには lim
𝑥→−2

(
𝑎
√

𝑥+ 3 + 𝑏
)
= 0 ∴ 𝑎+ 𝑏 = 0 ∴ 𝑏 = −𝑎 … 1⃝

∴ lim
𝑥→−2

𝑎
√

𝑥+ 3 + 𝑏

𝑥+ 2
= lim

𝑥→−2

𝑎
√

𝑥+ 3 − 𝑎

𝑥+ 2
= lim

𝑥→−2

𝑎(𝑥+ 2)

(𝑥+ 2)
(√

𝑥+ 3 + 1
)

= lim
𝑥→−2

𝑎√
𝑥+ 3 + 1

= 1 ∴
𝑎

2
= 1 ∴ 𝑎 = 2 これを 1⃝ に代入して 𝑏 = −2

以上より 𝑎 = 2，𝑏 = −2

(4) 与式が成り立つには lim
𝑥→1

(
𝑎
√

𝑥+ 3 + 𝑏
)
= 0 ∴ 2𝑎+ 𝑏 = 0 ∴ 𝑏 = −2𝑎 … 1⃝

∴ lim
𝑥→1

𝑥2 + 𝑎𝑥+ 𝑏

𝑥− 1
= lim

𝑥→1

𝑎
√

𝑥+ 3 − 2𝑎

𝑥− 1
= lim

𝑥→1

𝑎(𝑥− 1)

(𝑥− 1)
(√

𝑥+ 3 + 2
) = lim

𝑥→1

𝑎(√
𝑥+ 3 + 2

) = 1

∴
𝑎

4
= 1 ∴ 𝑎 = 4 これを 1⃝ に代入して 𝑏 = −8

以上より 𝑎 = 4，𝑏 = −8
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(1) グラフより ∞
(2) グラフより −∞
(3) グラフより ∞

グラフは下図の通り

(1)

𝑦 =
1

(𝑥+ 3)2

−3 𝑥

𝑦

O

(2)

𝑦 = 1− 1

(𝑥− 1)2

2

1
1

𝑥

𝑦

O

(3)

𝑦 =
𝑥2 + 1

𝑥2

1

𝑥

𝑦

O
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(1) lim
𝑥→1−0

∣𝑥− 1∣
𝑥− 1

= lim
𝑥→1−0

−(𝑥− 1)

𝑥− 1
= lim

𝑥→1−0
(−1) = −1

(2) lim
𝑥→1+0

∣1− 𝑥∣
𝑥− 1

= lim
𝑥→1+0

𝑥− 1

𝑥− 1
= lim

𝑥→1+0
1 = 1

(3) lim
𝑥→−0

√
𝑥2

𝑥
= lim

𝑥→−0

∣𝑥 ∣
𝑥

= lim
𝑥→−0

−𝑥

𝑥
= lim

𝑥→−0
(−1) = −1
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(1) lim
𝑥→∞

1

𝑥− 1
= 0

(2) lim
𝑥→−∞

1

𝑥2 − 1
= 0

(3) lim
𝑥→∞

(
1− 1

𝑥3

)
= 1

(4) lim
𝑥→∞(𝑥3 − 𝑥) = lim

𝑥→∞𝑥3

(
1− 1

𝑥2

)
= ∞

(5) lim
𝑥→−∞(𝑥3 − 𝑥2 − 𝑥) = lim

𝑥→−∞𝑥3

(
1− 1

𝑥
− 1

𝑥2

)
= −∞

(6) lim
𝑥→−∞

(
𝑥2 − 1

𝑥

)
= lim

𝑥→−∞𝑥2

(
1− 1

𝑥3

)
= ∞
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(1) lim
𝑥→∞

1− 𝑥2

1 + 𝑥2
= lim

𝑥→∞

1

𝑥2
− 1

1

𝑥2
+ 1

= −1

(2) lim
𝑥→−∞

8𝑥3 + 1

𝑥3 + 𝑥+ 1
= lim

𝑥→−∞

8 +
1

𝑥3

1 +
1

𝑥2
+

1

𝑥3

= 8

(3) lim
𝑥→∞

𝑥3 − 1

𝑥2 + 1
= lim

𝑥→∞
(𝑥2 + 1)𝑥− (𝑥+ 1)

𝑥2 + 1
= lim

𝑥→∞

(
𝑥− 𝑥+ 1

𝑥2 + 1

)
= lim

𝑥→∞

⎛⎜⎝𝑥−
1 +

1

𝑥

𝑥+
1

𝑥

⎞⎟⎠ = ∞
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(1) lim
𝑥→∞

(
1

3

)𝑥

= 0

(2) lim
𝑥→∞

2𝑥 − 3𝑥

3𝑥
= lim

𝑥→∞

{(
2

3

)𝑥

− 1

}
= −1

(3) lim
𝑥→−∞

2𝑥 + 3𝑥

4𝑥
= lim

𝑥→−∞

{(
1

2

)𝑥

+

(
3

4

)𝑥}
= ∞

(4) lim
𝑥→−∞

5𝑥

4𝑥 + 5𝑥
= lim

𝑥→−∞
1(

4

5

)𝑥

+ 1

= 0

(5) lim
𝑥→∞

3𝑥 + 4𝑥

3𝑥 − 4𝑥
= lim

𝑥→∞

(
3

4

)𝑥

+ 1(
3

4

)𝑥

− 1

= −1

(6) lim
𝑥→∞

2−𝑥

1 + 2−𝑥
= 0
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(1) lim
𝑥→∞ log 1

2
𝑥 = −∞

(2) lim
𝑥→∞ log0.1

1

𝑥
= lim

𝑥→∞ log0.1 𝑥
−1 = − lim

𝑥→∞ log0.1 𝑥 = ∞
(3) lim

𝑥→+0
log3 𝑥 = −∞
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(1) lim
𝑥→0

sin 3𝑥

2𝑥
= lim

𝑥→0

(
3

2
⋅ sin 3𝑥

3𝑥

)
=

3

2

(2) lim
𝑥→0

tan 3𝑥

𝑥
= lim

𝑥→0

sin 3𝑥

𝑥 cos 3𝑥
= lim

𝑥→0

(
sin 3𝑥

3𝑥
⋅ 3

cos 3𝑥

)
= 3

(3) lim
𝑥→0

sin 4𝑥

sin 2𝑥
= lim

𝑥→0

sin 4𝑥

4𝑥
1

2
⋅ sin 2𝑥

2𝑥

= 2
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(1) lim
𝑥→0

𝑓(𝑥) = lim
𝑥→0

(
𝑥2 − 1

)
= −1 ∕= 1 = 𝑓(0) ∴ 連続でない

(2) lim
𝑥→0

𝑓(𝑥) = lim
𝑥→0

𝑥2 + 𝑥

𝑥2 − 𝑥
= lim

𝑥→0

𝑥+ 1

𝑥− 1
= −1 = 𝑓(0) ∴ 連続である
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(1) lim
𝑥→∞

𝑥2 + 2𝑥− 3

2− 𝑥
= lim

𝑥→∞
(2− 𝑥)(−𝑥− 4) + 5

2− 𝑥
= lim

𝑥→∞

(
−𝑥− 4 +

5

2− 𝑥

)
= −∞

(2) 𝑥 > 1 のとき，
𝑥+ 1

∣𝑥− 1∣ =
𝑥+ 1

𝑥− 1
= 1 +

2

𝑥− 1

𝑥 < 1 のとき，
𝑥+ 1

∣𝑥− 1∣ = − 𝑥+ 1

𝑥− 1
= −1− 2

𝑥− 1

図より lim
𝑥→1

𝑥+ 1

∣𝑥− 1∣ = ∞

𝑦 =
𝑥+ 1

∣𝑥− 1∣

−1
1

−1
1 𝑥

𝑦

O



(3) 𝑡 =
1

𝑥
とおくと，𝑥 −→ +0 のとき 𝑡 −→ ∞ だから

lim
𝑥→+0

(
1

2

) 1
𝑥

= lim
𝑡→∞

(
1

2

)𝑡

= 0

(4) lim
𝑥→𝜋

2 −0
tan𝑥 = ∞

(5) lim
𝑥→𝜋

sin 2𝑥

tan𝑥
= lim

𝑥→𝜋

2sin𝑥 cos𝑥
sin𝑥

cos𝑥

= lim
𝑥→𝜋

2 cos2 𝑥 = 2

(6) lim
𝑥→∞Tan−1 𝑥 =

𝜋

2
(7) lim

𝑥→+0
log2 ∣𝑥∣ = lim

𝑥→+0
log2 𝑥 = −∞

また，𝑡 = −𝑥 とおくと，𝑥 −→ −0 のとき 𝑡 −→ +0 だから

lim
𝑥→−0

log2 ∣𝑥∣ = lim
𝑥→−0

log2(−𝑥) = lim
𝑡→+0

log2 𝑡 = −∞
∴ lim

𝑥→0
log2 ∣𝑥∣ = −∞

(8) lim
𝑥→0

{
log3(𝑥

2 + 𝑥)− log3 𝑥
}
= lim

𝑥→0
log3

𝑥2 + 𝑥

𝑥
= lim

𝑥→0
log3(𝑥+ 1) = 0
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(1) lim
𝑥→2

2𝑥2 − 3𝑥− 2

3𝑥2 − 7𝑥+ 2
= lim

𝑥→2

(2𝑥+ 1)(𝑥− 2)

(3𝑥− 1)(𝑥− 2)
= lim

𝑥→2

2𝑥+ 1

3𝑥− 1
= 1

(2) lim
𝑥→0

sin 4𝑥 tan 3𝑥

2𝑥2
= lim

𝑥→0

(
6 ⋅ sin 4𝑥

4𝑥
⋅ sin 3𝑥

3𝑥
⋅ 1

cos 3𝑥

)
= 6

(3) lim
𝑥→0

1− cos 2𝑥

𝑥 sin𝑥
= lim

𝑥→0

(
2

𝑥 sin𝑥
⋅ 1− cos 2𝑥

2

)
= lim

𝑥→0

(
2

𝑥 sin𝑥
⋅ sin2 𝑥

)
= lim

𝑥→0

(
2 ⋅ sin𝑥

𝑥

)
= 2

(4) 𝑡 =
1

𝑥
とおくと，𝑥 −→ ∞ のとき 𝑡 −→ +0 だから

lim
𝑥→∞𝑥 sin

1

𝑥
= lim

𝑡→+0

sin 𝑡

𝑡
= 1
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(1) lim
𝑥→4

𝑥− 4√
𝑥 − 2

= lim
𝑥→4

(𝑥− 4)
(√

𝑥 + 2
)

𝑥− 4
= lim

𝑥→4

(√
𝑥 + 2

)
= 4

(2) lim
𝑥→3

√
𝑥+ 6 − 3√
𝑥+ 1 − 2

= lim
𝑥→3

(𝑥− 3)
(√

𝑥+ 1 + 2
)

(𝑥− 3)
(√

𝑥+ 6 + 3
) = lim

𝑥→3

√
𝑥+ 1 + 2√
𝑥+ 6 + 3

=
2

3
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(1) lim
𝑥→∞

(
𝑥−

√
𝑥2 − 2𝑥

)
= lim

𝑥→∞
𝑥2 − (𝑥2 − 2𝑥)

𝑥+
√

𝑥2 − 2𝑥
= lim

𝑥→∞
2𝑥

𝑥+
√

𝑥2 − 2𝑥
= lim

𝑥→∞
2

1 +

√
1− 2

𝑥

= 1

(2) lim
𝑥→∞

{
log2(2𝑥+ 1)− log2 𝑥

}
= lim

𝑥→∞ log2
2𝑥+ 1

𝑥
= lim

𝑥→∞ log2

(
2 +

1

𝑥

)
= 1
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(1) lim
𝑥→0

𝑓(𝑥) = lim
𝑥→0

𝑥2 + 𝑥

𝑥
= lim

𝑥→0
(𝑥+ 1) = 1 ∕= 0 = 𝑓(0) ∴ 連続でない

(2) lim
𝑥→+0

𝑓(𝑥) = lim
𝑥→0

sin𝑥

𝑥
= 1 lim

𝑥→−0
𝑓(𝑥) = lim

𝑥→0

sin𝑥

−𝑥
= −1

lim
𝑥→+0

𝑓(𝑥) ∕= lim
𝑥→−0

𝑓(𝑥) より、 lim
𝑥→0

𝑓(𝑥) は存在しない ∴ 連続でない

(3) 𝑡 = − 1

𝑥2
とおくと，𝑥 −→ 0 のとき 𝑡 −→ −∞ だから

lim
𝑥→0

𝑓(𝑥) = lim
𝑥→0

2−
1
𝑥2 = lim

𝑡→−∞ 2𝑡 = 0 = 𝑓(0) ∴ 連続である

(4) 𝑡 = log2 ∣𝑥∣ とおくと，𝑥 −→ 0 のとき 𝑡 −→ −∞ だから

lim
𝑥→0

𝑓(𝑥) = lim
𝑥→0

2log2 ∣𝑥∣ = lim
𝑥→−∞ 2𝑡 = 0 = 𝑓(0) ∴ 連続である
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(1) 任意の 𝑥 ∕= 0 に対し，−1 ≦ cos
1

𝑥
≦ 1 ∴ −∣𝑥∣ ≦ cos

1

𝑥
≦ ∣𝑥∣

また， lim
𝑥→0

(−∣𝑥∣) = lim
𝑥→0

∣𝑥∣ = 0 だから，はさみうちの原理より， lim
𝑥→0

𝑥 cos
1

𝑥
= 0



(2) 任意の 𝑥 ∕= 0 に対し，−1 ≦ sin𝑥 ≦ 1 ∴ − 1

∣𝑥∣ ≦ sin𝑥

𝑥
≦ 1

∣𝑥∣
また， lim

𝑥→∞

(
− 1

∣𝑥∣
)

= lim
𝑥→∞

(
1

∣𝑥∣
)

= 0 だから，はさみうちの原理より， lim
𝑥→∞

sin𝑥

𝑥
= 0

(3) 任意の 𝑥 ∕= 0 に対し，−1 ≦ sin 2𝑥 ≦ 1 ∴ − 1

∣𝑥∣ ≦ sin 2𝑥

𝑥
≦ 1

∣𝑥∣
また， lim

𝑥→−∞

(
− 1

∣𝑥∣
)

= lim
𝑥→−∞

(
1

∣𝑥∣
)

= 0 だから，はさみうちの原理より， lim
𝑥→−∞

sin 2𝑥

𝑥
= 0

2節 導関数

75

(1) 𝑓 ′(−1) = lim
ℎ→0

{
(−1 + ℎ)2 − (−1 + ℎ)

}− {(−1)2 − (−1)
}

ℎ
= lim

ℎ→0

−3ℎ+ ℎ2

ℎ
= lim

ℎ→0
(−3 + ℎ) = −3

(2) 𝑓 ′(−1) = lim
ℎ→0

{
2(−1 + ℎ)2 − 1

}− {2(−1)2 − 1
}

ℎ
= lim

ℎ→0

−4ℎ+ 2ℎ2

ℎ
= lim

ℎ→0
(−4 + 2ℎ) = −4

(3) 𝑓 ′(−1) = lim
ℎ→0

{
(−1 + ℎ)3 − 1

}− {(−1)3 − 1
}

ℎ
= lim

ℎ→0

3ℎ− 3ℎ2 + ℎ3

ℎ
= lim

ℎ→0

(
3− 3ℎ+ ℎ2

)
= 3
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(1) 𝑓 ′(𝑥) = lim
ℎ→0

{
2(𝑥+ ℎ) + 1

}− {2𝑥+ 1
}

ℎ
= lim

ℎ→0

2ℎ

ℎ
= lim

ℎ→0
2 = 2

(2) 𝑓 ′(𝑥) = lim
ℎ→0

{
(𝑥+ ℎ)2 + (𝑥+ ℎ)

}− {𝑥2 + 𝑥
}

ℎ
= lim

ℎ→0

2𝑥ℎ+ ℎ2 + ℎ

ℎ
= lim

ℎ→0
(2𝑥+ ℎ+ 1) = 2𝑥+ 1

(3) 𝑓 ′(𝑥) = lim
ℎ→0

{
(𝑥+ ℎ)3 − (𝑥+ ℎ)

}− {𝑥3 − 𝑥
}

ℎ
= lim

ℎ→0

3𝑥2ℎ+ 3𝑥ℎ2 + ℎ3 − ℎ

ℎ
= lim

ℎ→0

(
3𝑥2 + 3𝑥ℎ+ ℎ2 − 1

)
= 3𝑥2 − 1

77

(1) 𝑦′ = 6𝑥− 5

(2) 𝑦′ = −3𝑥2 + 4𝑥+ 1

(3) 𝑦′ =
(
9𝑥2 − 6𝑥+ 1

)′
= 18𝑥− 6

(4) 𝑦′ =
(
𝑥3 − 3𝑥2 + 2𝑥

)′
= 3𝑥2 − 6𝑥+ 2

(5) 𝑦′ =
(
𝑥3 − 2𝑥2 + 𝑥− 2

)′
= 3𝑥2 − 4𝑥+ 1

(6) 𝑦′ =
(
8𝑥3 − 12𝑥2 + 6𝑥− 1

)′
= 24𝑥2 − 24𝑥+ 6
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(1) 𝑦′ = 3 ⋅ (𝑥2 − 2𝑥− 1) + (3𝑥+ 2)(2𝑥− 2) = 9𝑥2 − 8𝑥− 7

(2) 𝑦′ = 1 ⋅ (2𝑥+ 1)(3𝑥− 1) + (𝑥+ 1) ⋅ 2 ⋅ (3𝑥− 1) + (𝑥+ 1)(2𝑥+ 1) ⋅ 3 = 18𝑥2 + 14𝑥
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(1) 𝑦′ = − 4

(4𝑥− 1)2

(2) 𝑦′ =
2(𝑥+ 1)− (2𝑥− 1) ⋅ 1

(𝑥+ 1)2
=

3

(𝑥+ 1)2

(3) 𝑦′ =
1 ⋅ (𝑥2 + 2)− (𝑥+ 1) ⋅ 2𝑥

(𝑥2 + 2)2
= − 𝑥2 + 2𝑥− 2

(𝑥2 + 2)2

80

(1) 𝑦′ =
(
𝑥−4

)′
= −4𝑥−5 = − 4

𝑥5

(2) 𝑦′ =
(
2𝑥−2

)′
= −4𝑥−3 = − 4

𝑥3

(3) 𝑦′ =
(
− 1

2
𝑥−6

)′
= 3𝑥−7 =

3

𝑥7
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(1) 𝑢 = 5𝑥+ 4 とおくと 𝑦 = 𝑢2 であり，
𝑑𝑦

𝑑𝑢
= 2𝑢，

𝑑𝑢

𝑑𝑥
= 5 だから 𝑦′ = 2𝑢 ⋅ 5 = 10(5𝑥+ 4)

(2) 𝑢 = 4𝑥− 1 とおくと 𝑦 = 𝑢3 であり，
𝑑𝑦

𝑑𝑢
= 3𝑢2，

𝑑𝑢

𝑑𝑥
= 4 だから 𝑦′ = 3𝑢2 ⋅ 4 = 12(4𝑥− 1)2



(3) 𝑢 = 2𝑥2 + 1 とおくと 𝑦 = 𝑢4 であり，
𝑑𝑦

𝑑𝑢
= 4𝑢3，

𝑑𝑢

𝑑𝑥
= 4𝑥 だから 𝑦′ = 4𝑢3 ⋅ 4𝑥 = 16𝑥(2𝑥2 + 1)3

(4) 𝑢 = 3𝑥2 − 𝑥+ 1 とおくと 𝑦 = 𝑢3 であり，
𝑑𝑦

𝑑𝑢
= 3𝑢2，

𝑑𝑢

𝑑𝑥
= 6𝑥− 1 だから

𝑦′ = 3𝑢2 ⋅ (6𝑥− 1) = 3(6𝑥− 1)(3𝑥2 − 𝑥+ 1)2

(5) 𝑢 = 𝑥− 1 とおくと 𝑦 = 𝑢−2 であり，
𝑑𝑦

𝑑𝑢
= −2𝑢−3，

𝑑𝑢

𝑑𝑥
= 1 だから

𝑦′ = −2𝑢−3 ⋅ 1 = − 2

(𝑥− 1)3

(6) 𝑢 = 𝑥2 + 3 とおくと 𝑦 = 𝑢−4 であり，
𝑑𝑦

𝑑𝑢
= −4𝑢−5，

𝑑𝑢

𝑑𝑥
= 2𝑥 だから

𝑦′ = −4𝑢−5 ⋅ 2𝑥 = − 8𝑥

(𝑥2 + 3)5
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(1) 𝑦′ =
(
𝑥

3
2

)′
=

3

2
𝑢

1
2 =

3

2

√
𝑥

(2) 𝑦′ =
{(

𝑥2 + 1
) 1

2

}′
=

1

2

(
𝑥2 + 1

)− 1
2 ⋅ 2𝑥 =

𝑥√
𝑥2 + 1

(3) 𝑦′ =
{(

3𝑥2 + 1
) 1

3

}′
=

1

3

(
3𝑥2 + 1

)− 2
3 ⋅ 6𝑥 =

2𝑥
3
√

(3𝑥2 + 1)2
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(1) 両辺を 2乗して 𝑦2 = 𝑥+ 1 ∴ 𝑥 = 𝑦2 − 1 ∴
𝑑𝑥

𝑑𝑦
= 2𝑦 ∴ 𝑦′ =

1

2𝑦
=

1

2
√

𝑥+ 1

(2) 両辺を 3乗して 𝑦3 =
27

𝑥
∴ 𝑥 =

27

𝑦3
∴

𝑑𝑥

𝑑𝑦
= − 81

𝑦4

𝑦′ =
1

− 81

𝑦4

= − 1

81
𝑦4 = − 1

81
⋅ 81

3
√

𝑥4
= − 1

3
√

𝑥4
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(1) 𝑦′ = − sin 2𝑥 ⋅ 2 = −2 sin 2𝑥

(2) 𝑦′ = cos(1− 𝑥) ⋅ (−1) = − cos(1− 𝑥)

(3) 𝑦′ =
1

cos2 3𝑥
⋅ 3 =

3

cos2 3𝑥
(4) 𝑦′ = 2 sin𝑥 ⋅ cos𝑥 = 2 sin𝑥 cos𝑥

(5) 𝑦′ = 3 cos2 𝑥 ⋅ (− sin𝑥) = −3 cos2 𝑥 sin𝑥

(6) 𝑦′ = 2 tan𝑥 ⋅ 1

cos2 𝑥
=

2 tan𝑥

cos2 𝑥

(7) 𝑦′ = − cos𝑥

sin2 𝑥

(8) 𝑦′ = −− sin𝑥

cos2 𝑥
=

sin𝑥

cos2 𝑥

(9) 𝑦′ =
− sin𝑥 ⋅ 𝑥− cos𝑥 ⋅ 1

𝑥2
= − 𝑥 sin𝑥+ cos𝑥

𝑥2
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(1) 𝑦′ =
1√

1− (2𝑥)2
⋅ 2 =

2√
1− 4𝑥2

(2) 𝑦′ = − 1√
1− (3𝑥)2

⋅ 3 = − 3√
1− 9𝑥2

(3) 𝑦′ =
1

1 + (2𝑥)2
⋅ 2 =

2

1 + 4𝑥2

(4) 𝑦′ =
1√

1−
( 𝑥

3

)2 ⋅ 1

3
=

1√
9− 𝑥2

(5) 𝑦′ =
1

1 +
( 𝑥

2

)2 ⋅ 1

2
=

2

4 + 𝑥2

(6) 𝑦′ =
1

1 + 𝑥
⋅ 1

2
√

𝑥
=

1

2(𝑥+ 1)
√

𝑥
86



(1) 𝑦′ =
1

2𝑥
⋅ 2 =

1

𝑥

(2) 𝑦′ =
1

3𝑥+ 1
⋅ 3 =

3

3𝑥+ 1

(3) 𝑦′ =
1

𝑥 log 3

(4) 𝑦′ = 3𝑥2 log 𝑥+ 𝑥3 ⋅ 1

𝑥
= 𝑥2(3 log 𝑥+ 1)

(5) 𝑦′ = 1 ⋅ log2 𝑥+ 𝑥 ⋅ 1

𝑥 log 2
=

log 𝑥

log 2
+

1

log 2
=

1

log 2
(log 𝑥+ 1)

(6) 𝑦′ =

1

𝑥
⋅ 𝑥− log 𝑥 ⋅ 1

𝑥2
=

1− log 𝑥

𝑥2
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(1) 𝑦′ =
1

2𝑥− 1
⋅ 2 =

2

2𝑥− 1

(2) 𝑦′ =
1

𝑥2 − 𝑥
⋅ (2𝑥− 1) =

2𝑥− 1

𝑥2 − 𝑥

(3) 𝑦′ =
1

cos𝑥
⋅ (− sin𝑥) = − tan𝑥
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両辺の対数をとると log 𝑦 = log
(𝑥− 2)3

(𝑥− 1)2
= log(𝑥− 2)3 − log(𝑥− 1)2 = 3 log(𝑥− 2)− 2 log(𝑥− 1)

この両辺を 𝑥で微分すると
𝑦′

𝑦
=

3

𝑥− 2
− 2

𝑥− 1
=

𝑥+ 1

(𝑥− 2)(𝑥− 1)

∴ 𝑦′ =
𝑥+ 1

(𝑥− 2)(𝑥− 1)
⋅ (𝑥− 2)3

(𝑥− 1)2
=

(𝑥+ 1)(𝑥− 2)2

(𝑥− 1)3

89

(1) 𝑦′ = 𝑒3𝑥+1 ⋅ 3 = 3𝑒3𝑥+1

(2) 𝑦′ = 1 ⋅ 𝑒𝑥 + 𝑥𝑒𝑥 = (𝑥+ 1)𝑒𝑥

(3) 𝑦′ = 21−𝑥 log 2 ⋅ (−1) = −21−𝑥 log 2
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(1) 𝑦′ = 𝑒𝑥 cos𝑥+ 𝑒𝑥(− sin𝑥) = 𝑒𝑥(cos𝑥− sin𝑥)

(2) 𝑦′ =
𝑒𝑥(𝑥+ 1)− 𝑒𝑥 ⋅ 1

(𝑥+ 1)2
=

𝑥𝑒𝑥

(𝑥+ 1)2

(3) 𝑦′ = 𝑒−𝑥2 ⋅ (−2𝑥) = −2𝑥𝑒−𝑥2

91

(1) 𝑦′′ =
(
6𝑥2 − 6𝑥+ 4

)′
= 12𝑥− 6

(2) 𝑦′′ =
(

1

1 + 𝑥2

)′
= − 2𝑥

(1 + 𝑥2)2

(3) 𝑦′′ = (sin𝑥+ 𝑥 cos𝑥)′ = cos𝑥+ cos𝑥+ 𝑥(− sin𝑥) = 2 cos𝑥− 𝑥 sin𝑥
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(1) 𝑦′′′ = (5𝑥4 + 8𝑥3 − 9𝑥2)′′ = (20𝑥3 + 24𝑥2 − 18𝑥)′ = 60𝑥2 + 48𝑥− 18

(2) 𝑦′′′ = (2 cos 2𝑥)′′ = (−4 sin 2𝑥)′ = −8 cos 2𝑥

(3) 𝑦′′′ =
(

3

2

√
𝑥

)′′
=

(
3

4
√

𝑥

)′
= − 3

8
√

𝑥3
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(1) 𝑦′ = −𝑒−𝑥， 𝑦′′ = 𝑒−𝑥， 𝑦′′′ = −𝑒−𝑥， 𝑦(4) = 𝑒−𝑥， ⋅ ⋅ ⋅∴ 𝑦(𝑛) = (−1)𝑛𝑒−𝑥

(2) 𝑦′ = 𝑒2𝑥 + 𝑥 ⋅ 2𝑒2𝑥 = (2𝑥+ 1)𝑒2𝑥， 𝑦′′ = 2𝑒2𝑥 + (2𝑥+ 1) ⋅ 2𝑒2𝑥 = 2(2𝑥+ 2)𝑒2𝑥，

𝑦′′′ = 22𝑒2𝑥 + 2(2𝑥+ 2) ⋅ 2𝑒2𝑥 = 22(2𝑥+ 3)𝑒2𝑥， ⋅ ⋅ ⋅ 𝑦(4) = ∴ 𝑦(𝑛) = 2𝑛−1(2𝑥+ 𝑛)𝑒2𝑥

(3) 𝑦′ = − 1

(𝑥− 1)2
， 𝑦′′ =

2 ⋅ 1
(𝑥− 1)3

， 𝑦′′′ = − 3 ⋅ 2 ⋅ 1
(𝑥− 1)4

， 𝑦(4) =
4 ⋅ 3 ⋅ 2 ⋅ 1
(𝑥− 1)5

⋅ ⋅ ⋅

∴ 𝑦(𝑛) =
(−1)𝑛𝑛!

(𝑥− 1)𝑛+1

94



𝑦′ = 𝑒−𝑥 + 𝑥 ⋅ (−𝑒−𝑥
)
= (1− 𝑥)𝑒−𝑥， 𝑦′′ = −1 ⋅ 𝑒−𝑥 + (1− 𝑥) ⋅ (−𝑒−𝑥

)
= (𝑥− 2)𝑒−𝑥

∴ 𝑦′′ + 2𝑦′ + 𝑦 = (𝑥− 2)𝑒−𝑥 + 2 ⋅ (1− 𝑥)𝑒−𝑥 + 𝑥𝑒−𝑥 = 0
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(1) 𝑦′ = lim
ℎ→0

3
√

𝑥+ ℎ − 3
√

𝑥

ℎ
= lim

ℎ→0

(
3
√

𝑥+ ℎ − 3
√

𝑥
)(

3
√

(𝑥+ ℎ)2 + 3
√

𝑥+ ℎ 3
√

𝑥 +
3
√

𝑥2
)

ℎ
(

3
√

(𝑥+ ℎ)2 + 3
√

𝑥+ ℎ 3
√

𝑥 +
3
√

𝑥2
)

= lim
ℎ→0

(𝑥+ ℎ)− 𝑥

ℎ
(

3
√

(𝑥+ ℎ)2 + 3
√

(𝑥+ ℎ)𝑥 +
3
√

𝑥2
) =

1
3
√

𝑥2 +
3
√

𝑥2 +
3
√

𝑥2
=

1

3
3
√

𝑥2

(2) 𝑦′ = lim
ℎ→0

1

𝑥+ ℎ
− 1

𝑥
ℎ

= lim
ℎ→0

𝑥− (𝑥+ ℎ)

ℎ ⋅ (𝑥+ ℎ)𝑥
= lim

ℎ→0

−1

(𝑥+ ℎ)𝑥
= − 1

𝑥2

(3) 𝑦′ = lim
ℎ→0

cos(𝑥+ ℎ)− cos𝑥

ℎ
= lim

ℎ→0

cos𝑥 cosℎ− sin𝑥 sinℎ− cos𝑥

ℎ

= lim
ℎ→0

(− cos𝑥(1− cosℎ)

ℎ
− sin𝑥 sinℎ

ℎ

)
= lim

ℎ→0

(
−2 cos𝑥 ⋅ 1− cosℎ

2
⋅ 1

ℎ
− sin𝑥 ⋅ sinℎ

ℎ

)
= lim

ℎ→0

(
−2 cos𝑥 ⋅ sin2 ℎ

2
⋅ ℎ

ℎ2
− sin𝑥 ⋅ sinℎ

ℎ

)
= lim

ℎ→0

(
−2 cos𝑥 ⋅ sin2 ℎ

2(
ℎ
2

)2 ⋅ ℎ

4
− sin𝑥 ⋅ sinℎ

ℎ

)
= − sin𝑥
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(1) 𝑦′ = 3𝑥2
(
𝑥2 + 1

)3
+ 𝑥3 ⋅ 3(𝑥2 + 1

)2 ⋅ 2𝑥 = 3𝑥2(𝑥2 + 1)2(3𝑥2 + 1)

(2) 𝑦′ = 2
(
𝑥4 + 2𝑥2 + 3

) ⋅ (4𝑥3 + 4𝑥
)
= 8𝑥(𝑥4 + 2𝑥2 + 3)(𝑥2 + 1)

(3) 𝑦′ =
2(1− 𝑥)− (2𝑥+ 1)(−1)

(1− 𝑥)2
=

3

(1− 𝑥)2

(4) 𝑦′ =
1 ⋅ √ 𝑥+ 1 − (𝑥− 1) ⋅ 1

2
√

𝑥+ 1

𝑥+ 1
=

𝑥+ 3

2(𝑥+ 1)
√

𝑥+ 1

(5) 𝑦′ =
−2𝑥

2
√

1− 𝑥2
= − 𝑥√

1− 𝑥2

(6) 𝑦′ =
3

4
(2𝑥2 + 1)−

1
4 ⋅ 4𝑥 =

3𝑥
4
√

2𝑥2 + 1
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(1) 両辺の対数をとると log 𝑦 = log 3

√
𝑥− 1

𝑥+ 1
=

1

3

(
log(𝑥− 1)− log(𝑥+ 1)

)
この両辺を 𝑥で微分すると

𝑦′

𝑦
=

1

3

(
1

𝑥− 1
− 1

𝑥+ 1

)
=

2

3(𝑥− 1)(𝑥+ 1)

∴ 𝑦′ =
2

3(𝑥− 1)(𝑥+ 1)
3

√
𝑥− 1

𝑥+ 1

(2) 両辺の対数をとると log 𝑦 = log 𝑥
1
𝑥 =

1

𝑥
log 𝑥

この両辺を 𝑥で微分すると
𝑦′

𝑦
= − 1

𝑥2
log 𝑥+

1

𝑥
⋅ 1

𝑥
=

1

𝑥2
(1− log 𝑥)

∴ 𝑦′ = 𝑥
1
𝑥 ⋅ 1

𝑥2
(1− log 𝑥) = 𝑥

1
𝑥−2(1− log 𝑥)
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(1) 𝑦′ = cos𝑥 ⋅ cos2 𝑥+ sin𝑥 ⋅ 2 cos𝑥(− sin𝑥) = cos3 𝑥− 2 sin2 𝑥 cos𝑥 = 3 cos3 𝑥− 2

(2) 𝑦′ =
{
log

𝑥2 + 1

𝑥

}′
=
{
log(𝑥2 + 1)− log 𝑥

}′
=

2𝑥

𝑥2 + 1
− 1

𝑥
=

2𝑥2 − (𝑥2 + 1)

𝑥(𝑥2 + 1)
=

𝑥2 − 1

𝑥(𝑥2 + 1)

(3) 𝑦′ =
(cos𝑥+ sin𝑥)2 + (sin𝑥− cos𝑥)2

(sin𝑥+ cos𝑥)2
=

cos2 𝑥+ 2 cos𝑥 sin𝑥+ sin2 𝑥+ sin2 𝑥− 2 sin𝑥 cos𝑥+ cos2 𝑥

(sin𝑥+ cos𝑥)2

=
2

(sin𝑥+ cos𝑥)2

(4) 𝑦′ = cos𝑥𝑒sin 𝑥

(5) 𝑦′ = 2𝑒2𝑥 sin2 𝑥+ 𝑒2𝑥2 sin𝑥 cos𝑥 = 2𝑒𝑥 sin𝑥(sin𝑥+ cos𝑥)

(6) 𝑦′ =
(
log ∣1− cos𝑥∣ − log ∣1 + cos𝑥∣)′ = sin𝑥

1− cos𝑥
− − sin𝑥

1 + cos𝑥

=
sin𝑥+ sin𝑥 cos𝑥+ sin𝑥− sin𝑥 cos𝑥

1− cos2 𝑥
=

2 sin𝑥

sin2 𝑥
=

2

sin𝑥
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(1) 𝑦′ =
1

2

⎛⎜⎝√ 𝑥2 + 1 +
𝑥2

√
𝑥2 + 1

+

1 +
𝑥√

𝑥2 + 1

𝑥+
√

𝑥2 + 1

⎞⎟⎠
=

1

2

(√
𝑥2 + 1 +

𝑥2

√
𝑥2 + 1

+

√
𝑥2 + 1 + 𝑥(

𝑥+
√

𝑥2 + 1
)√

𝑥2 + 1

)
=

1

2

(√
𝑥2 + 1 +

𝑥2 + 1√
𝑥2 + 1

)
=

1

2

(√
𝑥2 + 1 +

√
𝑥2 + 1

)
=
√

𝑥2 + 1

(2) 𝑦′ =
1

2

(√
1− 𝑥2 − 𝑥2√

1− 𝑥2
+

1√
1− 𝑥2

)
=

1

2

(√
1− 𝑥2 +

1− 𝑥2√
1− 𝑥2

)
=

1

2

(√
1− 𝑥2 +

√
1− 𝑥2

)
=
√

1− 𝑥2
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(1) 1⃝ 𝑛 = 1 のとき

𝑦′ = − sin𝑥 = cos
(
𝑥+

𝜋

2

)
だから，𝑛 = 1 のとき成り立つ

2⃝ 𝑛 = 𝑘 のとき成り立つとすると

𝑦(𝑘+1) =
{
𝑦(𝑘)

}′
=

{
cos

(
𝑥+

𝑘𝜋

2

)}′
= − sin

(
𝑥+

𝑘𝜋

2

)
= cos

{(
𝑥+

𝑘𝜋

2

)
+

𝜋

2

}
= cos

(
𝑥+

(𝑘 + 1)𝜋

2

)
だから，𝑛 = 𝑘 + 1 のときも成り立つ

以上より，数学的帰納法によって，任意の自然数 𝑛について 𝑦(𝑛) = cos
(
𝑥+

𝑛𝜋

2

)
が成り立つ

(2) 1⃝ 𝑛 = 1 のとき

𝑦′ = 2 cos(2𝑥+ 1) = 2 sin
(
2𝑥+ 1 +

𝜋

2

)
だから，𝑛 = 1 のとき成り立つ

2⃝ 𝑛 = 𝑘 のとき成り立つとすると

𝑦(𝑘+1) =
{
𝑦(𝑘)

}′
=

{
2𝑘 sin

(
2𝑥+ 1 +

𝑘𝜋

2

)}′
= 2𝑘 ⋅ 2 cos

(
2𝑥+ 1 +

𝑘𝜋

2

)
= 2𝑘+1 sin

{(
2𝑥+ 1 +

𝑘𝜋

2

)
+

𝜋

2

}
= 2𝑘+1 sin

(
2𝑥+ 1 +

(𝑘 + 1)𝜋

2

)
だから，𝑛 = 𝑘 + 1 のときも成り立つ

以上より，数学的帰納法によって，任意の自然数 𝑛について 𝑦(𝑛) = sin
(
2𝑥+ 1 +

𝑛𝜋

2

)
が成り立つ
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(1) ［証明］

左辺 = (sinh𝑥)′ =
(

𝑒𝑥 − 𝑒−𝑥

2

)′
=

𝑒𝑥 + 𝑒−𝑥

2
= cosh𝑥 =右辺 ［証明終］

(2) ［証明］

左辺 = (cosh𝑥)′ =
(

𝑒𝑥 + 𝑒−𝑥

2

)′
=

𝑒𝑥 − 𝑒−𝑥

2
= sinh𝑥 =右辺 ［証明終］

(3) ［証明］

左辺 = cosh2 𝑥− sinh2 𝑥 =

(
𝑒𝑥 + 𝑒−𝑥

2

)2

−
(

𝑒𝑥 − 𝑒−𝑥

2

)2

=

(
𝑒2𝑥 + 2 + 𝑒−𝑥

)− (𝑒2𝑥 − 2 + 𝑒−𝑥
)

4

= 1 =右辺 ［証明終］
(4) ［証明］

左辺 = (tanh𝑥)′ =
(

sinh𝑥

cosh𝑥

)′
=

cosh2 𝑥− sinh2 𝑥

cosh2 𝑥
=

1

cosh2 𝑥
=右辺 ［証明終］


